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Foreword

People in this world have different views on academic success. Some people
think that academic success is measured by scores on examinations, while some may
think that it should be measured by the happiness in learning. From our point of view,
academic success is that students can learn in an effective way and have enjoyment in
the learning process. Students can find learning interesting and have motivation if the
learning process is effective, and thus learning becomes enjoyable and the chance of
getting good academic results will be greater.

In preparing this book, our team was guided by our experience and interest in
teaching IBDP Mathematics. This book is designed to help students to have a good
preparation in the brand new challenging two-year International Baccalaureate Diploma
Program. This book helps students to review all important concepts in Analysis and
Approaches, and helps students to understand how to start to answer a question and
get familiar with assessment-styled questions. No doubt, this book can help you
achieving high exam scores in IBDP Mathematics. By going through this book, you will
find that the questions can help you to answer the structured questions confidently.

To sum up, this book is not only to be a successful practice source, but also to
serve as valuable resource for students of each area.
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Ways to Use This Book

I SUMMARY POINTs I

Checklist of the concepts of a
particular topic for students

Paper 1 Questions

Short questions, usually 4 to 8 marks
each

Paper 2 Questions

Structured questions, usually 12 to 20
marks each

[2]

Number of marks for a question

M1

A mark is assigned when the
corresponding method is clearly shown

(M1)

A mark is assigned when the
corresponding method is not clearly
shown but is shown in the following

correct working

A1

A mark is assigned when the correct
answer is clearly shown

(A1)

A mark is assigned when the correct
answer is not clearly shown but is
shown in the following correct working

R1

A mark is assigned when the reasoning
statement is clearly shown

AG

No mark is assigned as the final step
(usually would be answer) is already
given from the question




GDC Skills

Some implicit skills of TI-84 Plus CE that you might not heard before

Scenario 1: Solving f(x)=g(x) in Functions

Step 1: Set f(x)—g(x)=0
Step 2: Input Y, = f(x)—g(x) in the graph function

Step 3: Set the screen size from

v xmin and xmax: You can refer to the domain given in the

question
v ymin and ymax: You can set ymin=-1 and ymax =1 if

you wish to find the x-intercept only

Scenario 2: Finding the number of years, n, when f(x)=g(x) is in the exponent of an
exponential model, in Arithmetic Sequences / Geometric Sequences / Logarithmic
Functions

Step 1: Set the right-hand-side of the expression to be zero
Step 2: Input Y, =the left-hand-side of the expression in the graph function

Step 3: Set the screen size from

v" xmin: You can set xmin=0 as n represents the number
of years which must be a positive integer

Scenario 3: Finding the x -intercept from the window

\ » X
0 ‘Moo

v' Assume that the domain is 0<x <100, and it is clearly
shown that the curve cuts the x-axis once only on the left
part of the screen

v" You can set the left bound and the right bound to be 0 and
50 respectively to find the x-intercept efficiently, as 50 is
the midpoint of the x -axis

abed juoiq



Scenario 4: Finding an unknown quantity from the TVM Solver

N=5 N=5
[%=6 1% =6

PV =-24000 PV =-24000
PMT =0 N PMT =0
FV =7 FV=0

P/Y =1 P/Y =1
C/Y =1 C/Y =1
PMT : END PMT : END

v" You can set the unknown quantity to be zero in order to
execute the program. In the above example, the future
value of a compound interest problem is going to be
found. You can set FV to be zero and then choose tvm_FV
to calculate the future value.

Scenario 5: Finding an area under a curve and above the x-axis

v Apart from using the function MATH @ you can sketch the

curve and use the function , and then set the

lower limits and the upper limits.

Scenario 6: Finding probabilities in a Binomial distribution, in the form P(X <or > or >c¢)

v" You need to change the probability to the form P(X <),
and then use the function to choose binomcdf.




Chapter

Functions

SUMMARY POINTs

fog(x)=f(g(x)): Composite function when g(x) is substituted into f(x)

Steps of finding the inverse function y= f'(x) of f(x):
1. Start from expressing y in terms of x

2. Interchange x and y

3. Make y the subject in terms of x

Properties of y=f"(x):

L ST =) =x
2. The graph of y= f'(x) is the reflection of the graph of y = f(x) about
y=x

/7'(x) exists only when f(x) is one-to-one in the restricted domain

Variations:
1. y=kx,k=0: y is directly proportional to x

k . .
2. y=—,k=#0: y isinversely proportional to x
X

www.seprodstore.com
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v

v

SUMMARY POINTs

Summary of transformations:

y
A \9)4_]"

k

<L h >
\ f(x+h) \\/
\-/ kl f(x)

\ f<./v) —

O s

SX) = f(0)+k:
Translate upward by k& units

S = f()—k:

Translate downward by

k units

S = f(x+h):

Translate to the left by % units
S X)) = f(x—=h):

. Translate to the right by

h units

J (kx)

J () >k (x):
Vertical stretch of

scale factor &
S () = f(kx):
Horizontal compression of

scale factor k

0 \ > X

—f(x)

JS(xX)—>—f(x):
Reflection about the x -axis
JS(xX)—> f(=x):

Reflection about the y -axis

Properties of rational function y = ax+b :
cx+d
1 . .
1. y =—1: Reciprocal function
X
2. y= £ Horizontal asymptote
C
d :
3. x =——: Vertical asymptote
C

Solutions of Chapter 1

SE Production Limited




Paper 1 - Composite and Inverse Functions

Let f(x)=3x+4 and g(x)=7x"—1.

(a)

(b)

(a)

(b)

Find 77'(x).
(1) Write down f(2).

(i)  Hence, find (g° f)(2).

@ 10

i) (go/)2)=g10)
(g°/)(2)=7(10)* -1
(g°/)(2)=699

www.seprodstore.com

(M1) for swapping variables

(A1) for changing subject

Al

Al

(A1) for substitution
Al
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1. Let f(x)=8x—1 and g(x)=x"-5.

(@)  Find 7'(x).

[3]
by (i) Write down g(5).
(i)  Hence, find (f-g)(5).
[3]
2. Let f(x)=2x—3 and g(x)=(x+5).
(a) Find f'(x).
[3]
(b) @) Write down f(-2).
(i1)  Hence, find (go f)(-2).
[3]
3. Let f(x)=+x+4,for x>—4.
(a) Find 77'(4).
[3]
(b) Let g be a function such that g(96) =7 and g™ exists for all real numbers.
(i)  Write down g (7).
(ii))  Hence, find (fog ' )(7).
[3]
4. Let f(x)=+2x-1, for xzé.
(a) Find 7' (3).
[3]

1

(b) Let g be a function such that g~ exists for all real numbers. Given that

1 : . .
g(3a2+ j =2, where a is a constant, find (£ og™')(2), give the answer in terms

of a.

[3]

SE Production Limited



2 Paper 1 - Restricted Domains for Inverse Functions

The function f is defined as f(x) =(x—5)" +3. The domain of f is restricted as
{x:x<k} suchthat /" exists.

(a) State the range of f .
(b) Write down the maximum value of % .

(c)  Find the expression of .

(a) {y:y=3} Al
b 5 Al

(c) y:(x—5)2+3

=x=(y=5+3 (M1) for swapping variables
(y=5) =x-3

y-5=+4x-3

y= \/m +5 (M1) for valid approach
) =x=3+5 Al

[3]

1. The function f is defined as f(x) =—(x+7)> +10. The domain of f is restricted as
{x:x >k} suchthat f" exists.

(a) State the range of f .

www.seprodstore.com
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(b) Write down the minimum value of k.

(c) Find the expression of .

2. The function f is defined as f(x) =x" —8x+40. The domain of f is restricted as

{x:x<c} suchthat f' exists.
(a) Express f(x) inthe form f(x)=a(x+h)’ +k,where a, h, keR.
(b) Hence, write down the maximum value of c.

(c) Find the expression of f .

3. The function f is defined as f(x)=4(x+#h)*, h<15. It is given that the graph of f
passes through (—14,4).

(a) Find 4.
The domain of f is restricted as {x:x >k} such that /" exists.
(b) Write down the minimum value of & .

(c) Find the expression of f .

4. The function f is defined as f(x) =(x—1)’(x—5)*. The domain of f is restricted as
{x:x<k} suchthat /" exists.

(a) Write down the coordinates of the local minimum of f which is closest to the

origin.
(b) Hence, write down the maximum value of % .

f can also be expressed as f(x)=((x—3)" —4)".

(c) Find the expression of /.

SE Production Limited
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3 Paper 1 - Transformations of Quadratic Functions

A quadratic function f is given by f(x)= (x+3)*—1.

Let g(x) be another quadratic function. The graph of g is obtained by a reflection of the
graph of £ inthe x-axis.

(a) Find g(x), giving the answer in the form a(x+m)’ +n.
2]
Let A(x)=—(x+5)*+19. The graph of / is obtained from g by a translation of (pj
q

(b) Find the values of

o ps
(i1) q.
[4]
(a) gx)=—f(x) (M1) for valid approach
g(x)=—((x+3)"-1)
g(x)=—(x+3)" +1 Al
[2]
(b) (1) —3+p=->5 (M1) for translation
p=-2 Al
(i1) 1+g=19 (M1) for translation
qg=18 Al

www.seprodstore.com
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1. A quadratic function £ is given by f(x)=—(x—3)"—1.

Let g(x) be another quadratic function. The graph of g is obtained by a reflection of the
graph of f inthe x-axis.

(a) Find g(x), giving the answer in the form a(x+m)* +n.
[2]
Let A(x)=(x—1)>—5. The graph of % is obtained from g by a translation of (pj
q
(b) Find the values of
®  p

i q.
[4]

2. A quadratic function £ is given by f(x)=(x—8)>—6.

Let g(x) be another quadratic function. The graph of g is obtained by a reflection of the
graph of f inthe y -axis.

(a) Find g(x), giving the answer in the form a(x+m)* +n.
2]
Let /(x)=(x+8)’ +200. The graph of / is obtained from g by a translation of (p]
q
(b) Find the values of
o p

i q.

SE Production Limited



A quadratic function f is given by f(x)= —(x—1)" +4.

Let g(x) be another quadratic function. The graph of g is obtained from f by a

-1
translation of ( 3].

(a) Find g(x), giving the answer in the form a(x+m)* +n.

[3]
Let A(x)=-3x"+3. The graph of 4 is obtained from g by a vertical stretch of scale

factor r.

(b) Find the value of r.

A quadratic function f is given by f(x)= X +4x+6.

Let g(x) be another quadratic function. The graph of g is obtained from f by a vertical

stretch of scale factor 5.

(a) Find g(x), giving the answer in the form ax” +bx+c.

(2]
(b) Write down the coordinates of the vertex of g(x).

[2]
Let h(x)=5(3x+2)" —2. The graph of # is obtained from g by a horizontal stretch of

0
scale factor 1 followed by a translation of [ j .
P q

(c) Find the values of
(1) D;

i q.

www.seprodstore.com
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LI- Paper 1 - Reflections about Coordinate Axes

The following diagram shows the graph of a function f'.

»

(a) Find £7'(2).
(b)  Find (f°/)(4).

(c) On the same diagram, sketch the graph of y=—f(x).

10

SE Production Limited



(@  fB)=2
L f()=3

(b))  f(4=3
(feNH=103)
(fefN4)=2

(M1) for correct approach
Al

[2]
(M1) for correct approach
(A1) for composite function
Al

[3]
(c) For correct y -intercept Al
For any two correct points from (-1, -1), (3, —-2)
and (4,-3) Al
[2]
y
A
4
3 /
2 /
/4’
> X
-3 2 -1 0 | 2 4

www.seprodstore.com
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1. The following diagram shows the graph of a function f'.

(a  Find f7'(=2).
(b)  Find (f=/)5).

(c) On the same diagram, sketch the graph of y=—f(x).

2. The following diagram shows the graph of a function f .

\ 4

-4 -3 2 -1 0O 1 2 3 4

(a)  Find £7'(2).

(b)  Find (fo/)4).

12
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(©)

(2)

(b)

(©)

(a)

(b)

(©)

On the same diagram, sketch the graph of y = f(—x).

2]
The following diagram shows the graph of a function f".
y
A
2
\ 1
» X
-2 -N\O ] 2 3
—N—_
-2 \
Find the range of .
2]
Find (/o £~)(D).
[3]
On the same diagram, sketch the graph of y=—f(x).
2]
The following diagram shows the graph of a function f .
y
A
\ 3
Z
1
> x
-3 -2 -1 0 1 3 4
-1
—2
-3 \
Find the domain of .
2]
Find (' £ )3).
[3]
On the same diagram, sketch the graph of y = f(—x).
2]

www.seprodstore.com
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5
(e

Paper 1 - Variations

Let $C be the cost of manufacturing a cubical block of side x cm. It is given that C is

directly proportional to x, and the cost of manufacturing a cubical block of side 10 cm is

$35.

(a)
(b)

Suppose that the extra cost $12 is taken into account.

(©)

Express C in terms of x.

Write down the cost of manufacturing a cubical block of side 6 cm.

Find the length of the side of a cubical block with cost $40.

The cost factor r is defined as » =~/0.875C .

(d)

(a)

(b)
(©)

(d)

Express r in terms of x.

C=kx,where k=0
35=10k

k=3.5

S.C=3.5x

$21
40=3.5x+12
28=3.5x

x=8
Thus, the required length is 8 cm.

r=1.75Jx

SE Production Limited

(M1) for valid approach

Al
Al

(M1) for setting equation

Al

Al

[2]

[1]

[2]

[1]



In a factory, the production cost of a carpet of perimeter s metres is $C . It is given that
C is directly proportional to s, and the production cost of a carpet of perimeter 12
metres is $150.

(a) Express C in terms of s .

[2]
(b) Write down the production cost of a carpet of perimeter 26 metres.
[1]
(c) Find the production cost of a circular carpet with radius 5 metres.
(2]
1
. 16 3
The cost factor » is definedas r=| ——C | .
3125

(d) Express 7 in terms of s.

[1]

Let $P be the price of a tetrahedron model of surface area of 4 cm”. Itis given that P is

inversely proportional to 4. When 4=9, P=20.

(a) Express P in terms of 4.
[2]
(b) Write down the price of a tetrahedron model of surface area of 75 cm”.

[1]
(c) Interpret the condition on the price of a tetrahedron model of a large surface area.

[1]
The straight line graph of In P versus In 4 is sketched.

(d)  Write down the gradient of the graph.

www.seprodstore.com
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3. The weight of a plate of perimeter / centimetres is W grams. It is given that W varies
directly as /I . When /=256, W =288.

(a) Express W in terms of /.

(2]
(b) Write down the perimeter of a plate of weight 378 grams.

[1]
The graph of W is transformed to the new graph of W =36+/+3 by two
transformations.
(c) Describe geometrically for the two transformations.

[2]

4. It is given that f(x) varies inversely as x°. Suppose that f(4)=0.375.

(a) Express f(x) in terms of x.

[2]

(b) Write down the vertical asymptote of the graph of f(x).

[1]
The graph of f(x) is translated to the right by 3 units, followed by a vertical stretch of
scale factor 4 to form a new function g(x).

(©) Find the expression of g(x).

SE Production Limited



Chapter

Exponential and
Logarithmic Functions

SUMMARY POINTs

Laws of logarithm:

1. x=a" < y=log, x
2 log,1=0

3. log,a=1

4 log, p+log, g =log, pq

log, p—log, q =log, P
q

log, p" =nlog, p

T CoF : Logistic function, where L, C and k are positive constants
+Ce

17

www.seprodstore.com
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SUMMARY POINTs

v Semi-log model:
1. yv=k-a' <Iny=(Ina)x+Ink: Semi-log model
Ina: Gradient of the straight line graph on In y-x plane

Ink: Vertical intercept of the straight line graph on In y-x plane

v Semi-log and log-log models:
1. yv=k-x"<Iny=nlnx+Ink: Log-log model
n: Gradient of the straight line graph on In y-Inx plane
Ink : Vertical intercept of the straight line graph on In y-In x plane

Solutions of Chapter 2

SE Production Limited



Paper 1 - Laws of Logarithm

Find the value of each of the following, giving your answer as an integer.

(a) log2—10g200

(b) lne%+ln\/g

2
a log2—1og200 =1log—
(a) g g 8200

1
log2—1og200 =log—
g g glOO

log2—1og200 =1og10~
log2 —log200=-2

1 1
(b) lne47+1n\/_=ln(e47-\/;]
ln%+ln\/_ =Ine™*¥
o
ln%+ln\/_:1ne"4
o

ln%+ln\/_=—4
o

www.seprodstore.com

[3]

(A1) for correct formula

(A1) for valid approach
Al

(A1) for correct formula

(A1) for valid approach

Al
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20

1. Find the value of each of the following, giving your answer as an integer.
1 1
a log—+log—
@) 8 25 g 40
(b) Ine’’—Inele
2. Find the value of each of the following, giving your answer as an integer.
(a) log 0.8 +1og 1250
4
) Inde—Ine’
. 25
3. (a) Find the value of logl 12+10g7—10g7.
(b) Solve the equation e =3,
4. (a) Find the value of ln% +In45-1Inl5.
(b)  Solve the equation 107" =1331.

SE Production Limited



7 Paper 1 - Composite and Inverse Functions

Let f(x)=logx’, for x>0.

@  Find f(x).

(b)  Write down the range of /.
Let g(x)=1logx’, for x>0.

(c) Find the value of (/' ©g)(100), giving your answer as an integer.

(a)

(b)

(©)

y =logx?
= x=log)’
10" = y*
N10Y =y
1
10%)? =y
1
s (%) =102

y:iy>0}

2(100) =log100°

2(100) =6

(f ™' 2 g)(100) = /' (g(100))
(f 2 g)100)= f'(6)

(77 £)100) =10

(f " = 2)(100) =1000

www.seprodstore.com

(M1) for swapping variables

(A1) for changing subject

Al

Al

(M1) for substitution

(A1) for correct value

(M1) for substitution
Al
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Exercise 7

1. Let f(x)zlogiﬁ,for x>0.

(a) Find f7'(x).
(b)  Write down the range of .
Let g(x)=logx", for x>0.

(c) Find the value of (f ' o g)(«/m ), giving your answer as an integer.

Let f(x)=e".

@  Find /7 (x).

(b)  Write down the domain of .
Let g(x)=(e" —1)’.

(c) Find the value of (g f")(16), giving your answer as an integer.

Let f(x)=Inx+3, for x>0.

(a) Find 77'(x).

(b) Write down the range of /.
Let g(x) =",

(c) Find the value of (f - g)(2), giving your answer as an integer.

SE Production Limited

[3]

[4]

[3]

[4]



Let f(x)=10".

(@)  Find f7'(x).

(b)  Write down the range of /.
Let g(x)=(1+logx)’.

(c) Express (go f)(x) in the form ax’ +bx+c, where a, b and ¢ are integers.

www.seprodstore.com
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Paper 1 - Logistic Functions

The population P(z) of a town ¢ years after 1st January, 2017 can be modelled by
200

P(t)= ,
® 1+4e™

(a) Find the population at the beginning of
(1) 2017,
(ii) 2021.

(b) Write down the range of P(z).

(a) (1) The population at the beginning of 2017

=P(0)

= % (M1) for substitution
+4e

=40 Al

(i1) The population at the beginning of 2021

= P(4)
= LO_“ (M1) for substitution
1+4e
=186.3476919
=186 Al
[4]
(b) {P:40< P <200} A2
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Exercise 8

1.

In an experiment, the amount of bacteria B(¢) (in million) in a culture ¢ hours after 1 a.m.

on the first day can be modelled by B(¢) = 2 t20.

1+5¢7% "
(a) Find the amount of bacteria at
(1) 1 a.m. on the first day;
(i1) 3 a.m. on the second day.

(b) Write down the range of B(z).

The weight of a substance W (¢) (in gram) ¢ days after 1st July can be modelled by
27

wt)=—2"
() 1+8e—0.11l

,120.

(a) Find the weight of the substance on 1st July.
(b) Find the date that the weight of the substance first reaches 20g.

(c) Write down the horizontal asymptote of the graph of W (¢).

The population P(z) of a city ¢ years after 1st January, 2010 can be modelled by

P(t)= ﬂg?”, where Ce R, ¢ >0. It is given that P(0) =100000.
1+Ce™
(a) Find C.

(b) Hence, find ¢ when P(¢) =450000.

(c) Write down the horizontal asymptote of the graph of P(¢).

www.seprodstore.com
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4. The value V' (¢) of a vase (in dollars) ¢ years after 31st December, 1900 can be modelled
250000 ooz
_J1+19e™
by V(1) =
5000000
—0.16¢ 1z 10
1+19e

(a) Find the value of the vase at the end of 1907.

(b)  Find ¢ when ¥ (r) =2000000.

(©) Interpret the condition on the value of the vase after a long period of time.

SE Production Limited



Paper 1 - Semi-Log and Log-Log Models

The relationship between the air pressure P(¢) (in Pa) in an instrument, P(¢) >10, and

the time ¢ minutes after the start of the experiment is given by P(¢) =10+ he" , where &,
keR.

(a) Express In(P—10) in the form at+b.

[3]
A graph of In(P—10) against ¢ shows a straight line such that the gradient and the
vertical intercept of the line are 0.015 and 2.8 respectively.

(b) Write down the value of & .

(©) Find the value of /4, correct the answer to 4 decimal places.

() P=10+he"

P—-10=he"
In(P—10) =In(he™) (A1) for correct approach
In(P—10)=In/+Iné" (A1) for correct approach
In(P—-10)=kt+Inh Al
[3]
(b) 0.015 Al
[1]
(c) Inh=2.8
h=e"* (M1) for valid approach
h=16.44464677
h=16.4446 Al

www.seprodstore.com
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1. The relationship between two variables 7 and x is given by 7'=hk", where h, ke R,
T>0.

(a) Express In7 in terms of x.

[3]
A graph of In7 against x shows a straight line such that the gradient and the vertical
intercept of the line are 0.06 and —1.7 respectively.

(b) Find, correct the answers to 4 decimal places, the value of
i h;

(i) k.
[4]

2. The relationship between two variables W and x is given by W =hx", where /, keR,
W, x>0.

(a) Express In in terms of Inx.

[3]
A graph of In/ against Inx shows a straight line such that it passes through the points
(0.3,0) and (0,1.5).

(b) Find the value of k.

2]
(c) Find the value of %, correct the answer to 4 decimal places.

2]

3. The relationship between two variables 7 and x can be modelled by InV =3x+5b,

where be R, V' >0. A graph of In} against x shows a straight line such that the
gradient and the horizontal intercept of the line are 3 and —6 respectively.
(a) Find the value of 5.

2]
(b) Hence, express V' in terms of x.

[1]
(c) Find the ratio of the values of ¥ when x increases from 0.5 to 1.

[3]
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The relationship between two variables N and ¢ can be modelled by h N =alnz+5b,
where a, beR, N, t>0. A graph of In N against Inz shows a straight line such that it
passes through the points (2.5,1) and (5, 0).

(a) Find the values of

o a;
(ii) b.
[4]
(b) Hence, express N in terms of 7.
[3]

www.seprodstore.com
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1 0 Paper 2 - Comparing Two Models

The number of insects in two colonies, A and B, starts increasing at the same time.

The number of insects in colony A after # months is modeled by the function
A(?) = 240" .

(a) Find the initial number of insects in colony A .

2]
(b) Find the number of insects in colony A after seven months.

(2]
(c) How long does it take for the number of insects in colony A to reach

8007

[3]
The number of insects in colony B after + months is modeled by the function
B(t) =360e" .
(d) After ten months, there are 1000 insects in colony B . Find the value of & .

[3]

The number of insects in colony A first exceeds the number of insects in colony B after
n months, where ne 7.

(e)

(a)

(b)

Find the value of 7.

[4]
Initial number of insects
=240e"" (A1) for substitution
=240 Al

[2]
Number of insects in colony A after seven months
=240e"7 (A1) for substitution
=1959.880779
=1960 Al

[2]
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(©)

(d)

(e)

A(t) =800
240e™" =800
240" —800=0

By considering the graph of y =240¢"* —800,

1=4.0132427 .
. It takes 4.01 months.

B(10)=1000
360¢'% =1000
360¢'% —1000 =0

By considering the graph of y =360e'** —1000,

k=0.1021651.
S k=0.102

A1) > B(¢)
A@)—B(@)>0

24OeOA3t _36060.1021651t > 0
By considering the graph of
v =240e"" —360e"'"'°" | t >2.0495125.

s.n=3

www.seprodstore.com

(M1) for setting equation

(A1) for correct approach

Al

[3]
(M1) for setting equation

(A1) for correct approach

Al

[3]
(M1) for setting inequality

Al

(A1) for correct approach
Al
[4]
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1. The number of leopards and tigers in a forest start increasing at the same time.

The number of leopards in the forest after ¢ years is modeled by the function
A(t) = 25007 .

(a) Find the initial number of leopards.

(2]
(b) Find the number of leopards after ten years.
2]
(c) How long does it take for the number of leopards to reach 8000?
[3]
180
The number of tigers in the forest after ¢ years is modeled by the function B(¢) =ke © ,
where £ <2000.
(d) After ten years, there are 5000 tigers. Find the value of & .
[3]
(e) The number of tigers first exceeds the number of leopards after n years, where
n € Z. Find the value of n.
[4]
2. The number of trams and the number of people using trams in a city is studied.
The number of trams in the city after ¢ years is modeled by the function
A(t) =420x1.15".
(a) Find the initial number of trams.
2]
(b) Find the number of trams after six years.
2]
(c) How long does it take for the number of trams to reach 7507
[3]
The number of people using trams in the city after ¢ years is modeled by the function
4680000
B(t)= PrE——
70e +130
(d) After five years, there are 27500 people using trams. Find the value of & .
[4]
(e) The number of trams first exceeds five times the number of people using trams
after n years, where n € Z. Find the value of n.
[4]
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The number of food delivery cars and the number of people using food delivery cars in a
town is studied.

The number of food delivery cars in the town after ¢ weeks is modeled by the function
A(r) =1050x1.25".

(a) Find the initial number of food delivery cars.

(2]
(b) Find the number of food delivery cars after sixteen weeks.
[2]
(c) How long does it take for the number of food delivery cars to reach 4200?
[4]
The number of people using food delivery cars in the town after ¢+ weeks is modeled by
410000
the function B(H) = ————.
75k +95e

(d) After twelve weeks, there are 4600 people using food delivery cars. Find the value
of k.
[3]
(e) The number of food delivery cars first exceeds double the number of people using
food delivery cars after n weeks, where n € Z. Find the value of 7.

[4]
The air pressure in two machines, A and B, are recorded in an experiment.
The air pressure in machine A after ¢ minutes is modeled by the function P(¢) = 4e""*".
(a) Find the air pressure in machine A after half an hour.

[2]
(b) How long does it take for the air pressure in machine A to reach

8 units?
[3]

The air pressure in machine B after / minutes is modeled by the function Q(7) = Qoek’ Lt
is recorded that the initial air pressure and the air pressure in machine B after half an
hour are 3.5 units and 171 units respectively.

(c) Find the values of
(1) Oy;

(i1) k.
[5]
(d) The sum of air pressures in two machines first exceeds 400 units after » minutes,
where n € Z. Find the value of 7.

[4]

www.seprodstore.com
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Chapter

Geometric Sequences

SUMMARY POINTs

S, =1L: The sum to infinity of a geometric sequence u , given that —1<r<1
—-r

Solutions of Chapter 3

SE Production Limited



1 1 Paper 1 - Sum to Infinity

The first three terms of a geometric sequence are u, =800, u, =720 and u, =648 .

(a)
(b)

(©)

(a)

(b)

(©)

Find the value of r.

Find the value of S, .

Find the sum to infinity of this sequence.

720
r=—
800
r=0.9
_ 6
5 =)
1-r
_ 800(1-(0.9)%)
6 1-0.9
S, =3748.472
S, =3750
g ="M
o 1-r
_ 800
*1-0.9
S_=8000

www.seprodstore.com

(M1) for valid approach

Al

(A1) for substitution

Al

(A1) for substitution

Al

2]
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Exercise 11

1.

The first three terms of a geometric sequence are u, =-900, u, =-540 and u, =-324.

(a) Find the value of r.

(b)  Find the value of S, .

(c) Find the sum to infinity of this sequence.

2]

2]

2]

. . . 4 24 12
The first three terms of an infinite geometric sequence are Inx*, Inx** and Inx"*, where

x>0.
(a) Find the common ratio of the geometric sequence.

(b) Find u,.

(c) Find the sum to infinity of this sequence.

X 8x

The first three terms of an infinite geometric sequence are e'**, ¢ and e* .
(a) Find the common ratio of the geometric sequence.
(b) Find u,.

96
. . e . . e
(c) Find x if the sum to infinity of this sequence is

24 :
e —1

The first three terms of an infinite geometric sequence are 3'*, 3°* and 3%".
(a) Find the common ratio of the geometric sequence.

(b) Find a general expression for u, .

2]

[3]

(c) Find the sum to infinity if the common ratio is 3’ giving the answer in the form

b
ax3’.

SE Production Limited
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1 2 Paper 1 - Condition of Sum to Infinity

The first three terms of an infinite geometric sequence are ——, —6, —6r, where 7 is the
r

2

common ratio. The two possible values of 7 are 7 and ——.

(a)
(b)

(a)

(b)

State which value of 7 leads to this sum and justify your answer.

Hence, calculate the sum of the sequence.

2 :
r = —— leads to a finite sum.

As —1<—%<1.
3
6
ul———z
3
u, =9
s =M
o 1=r
S, = 92
1_(_
3
5.2
5

Al

R1
[2]

(A1) for finding u,

(A1) for correct value

(A1) for substitution

Al

37
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. ) ) 10 )
1. The first three terms of an infinite geometric sequence are —, 10, 107, where 7 is the
r

common ratio. The two possible values of » are % and -2.

(a) State which value of r leads to this sum and justify your answer.

2]
(b) Hence, calculate the sum of the sequence.

[4]

e . 27 27 .
2. The first three terms of an infinite geometric sequence are —-, —, 27, where 7 is the
T
common ratio. The two possible values of » are 3 and —%.
(a) If the sequence has a finite sum, state which value of r leads to this sum and
justify your answer.

[2]
(b) If the sequence does not have a finite sum, find the sum of the first four terms.

[4]

3. The first three terms of an infinite geometric sequence are log, x", log, X, log, X",

: . . . 1
where r is the common ratio. The two possible values of the common ratio » are 3 and

2.

(a) Consider the value of 7 such that -1 <7 <1. Find S, , giving the answer in terms

of x.
[3]
1
(b) Consider the value of 7 such that » <—1. Find §, when x = 5
[4]
4. The first three terms of an infinite geometric sequence are u,, u, =m+2, u, =9, where
m e 7. The two possible values of the common ratio » are % and —%.
(a) Consider the value of 7 such that —1<7» <1. Find m .
[3]
(b) Hence, calculate the sum of the sequence.
[4]
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Chapter

Trigonometry

SUMMARY POINTs

4 Trigonometric identities:
1. tanf=>" 0
cosd

2. sin’ @+cos*O=1

v ASTC diagram

S(90° <8 <180°)
sin@ >0
cosf<0
tand <0

y

A

A(0°<6<90°)
sind >0
cosd>0
tand >0

»

T (180° <6 <270°)
sind <0
cosd<0
tand >0

> x
C (270° < 6 <360°)
sind <0

cos@>0

tanf <0

Solutions of Chapter 4

39
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1 3 Paper 1 - Trigonometric Identities

Let cos@=0.28, where @ is acute. Using trigonometric identities to find

SE Production Limited

(a) sin@ ;
(b) tan@.
(a) sin @ = /1-cos” 6
sin@ =+/1-0.28" (A1) for substitution
sin@=0.96 Al
b)  tang=S1Y
cosé
0.96
tand = 0038 (A1) for substitution
tanf = — Al
1. Let sinf = 3’ where @ is obtuse. Using trigonometric identities to find
(a) cosd;
(b) tand.

2]

[3]

2]



Jit

Let tan¢9=—T,where 3?”<0<27r.

5
(a) Show that cos @ = e

(b) Using trigonometric identities to find siné.

3
Let 625cos* @ =256, where 7 <6 < ?” .

(a) (1) Write down the value of cos” 8.
(i1))  Hence, find sin@.

(b) Find tan@.

81
Let tan’ @ = ——, where 6 is obtuse.
1600

(a) (1) Write down the exact value of tané.

(i1) Hence, find sin@.

(b) Find cos@.

www.seprodstore.com
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1 4 Paper 1 - Solving Trigonometric Equations

(a)

(b)

(a)

(b)

Solve cos2x=-3sinx—4 for 0<x <67 .

Write down the number of solution(s) of 1+cos2x =—3sinx—4 for 0<x<6n

cos2x=-3sinx—4

cos2x+3sinx+4=0 (M1) for valid approach
By considering the graph of y =cos2x+3sinx+4,

x=4.7123885, x=10.995574 or x=17.278759.

~x=471, x=11.0 or x=17.3 A3

0 Al

1. (a)
(b)
2 (a)
(b)
3 (a)
(b)
4 (a)
(b)

Solve 5—2cos® x =3cosx for 0< x<4rx.

Write down the number of solution(s) of 77 —2cos” x =3cosx for 0<x<4m.

Solve cos2x=4—7sinx for 0<x<2m.

Write down the number of solution(s) of cos2x—2=4—-7sinx for 0<x<2m.

Solve sinx—sinxcosx =0, for 0 <x<4m.

Write down the number of solution(s) of sinx—sinxcosx =0 for -St<x <.

Solve cos2x—sindx =0, for 0 < x < %

Write down the number of solution(s) of cos2x—sin4x=0 for 2n<x<—m.

SE Production Limited
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1 5 Paper 1 - Composite Trigonometric Functions

Let f(x)z%x—l, g(x)=5008(§j+2.Let h(x)=(go° f)(x).

(a)

(b)

(©)

(2)

(b)

(©)

Find an expression for A(x).

Find the period of % .

Write down the range of 4 .

h(x)=g(f(x))
h(x)=15cos (%) +2

h(x)=>5cos lx—l +2
3 2

The period of 4
=2+ 1

=6rx

{y:3<y<7}.

www.seprodstore.com

(M1) for composite function

(A1) for substitution

Al

(M1) for valid approach

Al

[2]
A2
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Let f(x)=2x+3, g(x)=3cos(§j—5.Let h(x)=(go f)x).

(a) Find an expression for A(x).

(b) Find the period of % .

(c) Write down the range of /4.

Let f(x)=8x+7, g(x)=4sin[§j—3.Let h(x)=(go° f)(x).

(a) Find an expression for A(x).

(b) Find the period of /.

(c) Write down the amplitude of 7 .

Let f(x):%x—l, g(x)=4sin(§j+l3.Let h(x)=(f°g)(x).

(a) Find an expression for A(x).

(b) Find the amplitude of % .

(c) Write down the range of /.

Let f(x)=1-2x, g(x)=6coszx+1. Let h(x)=(f°g)(x).
(a) Find an expression for /(x).

(b) Find the amplitude of % .

(c) Write down the range of /4.

SE Production Limited
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Chapter

2-D Trigonometry

SUMMARY POINTs

Consider a triangle ABC':

sind sinB a b .
= or ——=——:Sine rule
a b sind sinB
Note: The ambiguous case exists if two sides and

an angle are known, and the angle is opposite

to the shorter known side

x—) =7 rad: Method of conversions between degree and radian
180" 7z rad

Consider a sector OPRQ with centre O, radius » and ZPOQ =4 in radian:
r@: Arc length PQ
%ﬁa: Area of the sector OPRQ

%rz(e—sin ) : Area of the segment PRQO

Solutions of Chapter 5

45
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1 6 Paper 1 — Areas and Perimeters of Sectors

The following diagram shows a circle with centre O and radius 35 cm.

A

The points A, B and C are on the circumference of the circle and AOC =0.82 rad .
(a) (1) Find the length of arc ABC.

(i1))  Hence, find the perimeter of sector OABC.

[4]
(b) Find the exact area of sector OABC.
(2]
(a) (1) The length of arc ABC
=(35)(0.82) (A1) for substitution
=28.7cm Al
(11) The perimeter of sector OABC
=28.7+35+35 (M1) for valid approach
=98.7cm Al
[4]
(b) The area of sector OABC
= %(35)2(0.82) (A1) for substitution
=502.25 cm’ Al

46
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1.

The following diagram shows a circle with centre O and radius 32.1 cm.

A
B

The points A, B and C are on the circumference of the circle and AOC=144rad.

(a) Find the length of arc ABC.

2]
(b) Find the perimeter of sector OABC.
(2]
(c) Find the area of sector OABC.
[2]
The following diagram shows a circle with centre O and radius 12 cm.
B
0O 12 C
2.6
A
The points A, B and C are on the circumference of the circle and AOC=2.6rad.
(a) Find the length of arc ABC.
[3]
(b) Find the perimeter of sector OABC.
(2]
(c) Find the area of sector OABC.
[2]
47
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3. The following diagram shows a circle with centre O.

A
B

D

The points A, B, C and D are on the circumference of the circle such that
AOC =1.93rad and the area of the sector OABC is 603 cm>.

(a) Find the length of OC.

2]
(b) (i)  Find the reflex AOC.

(il))  Hence, find the area of sector OADC.

[4]
4. The following diagram shows a circle with centre O and radius 4.5 cm.
A
B
A C
D

The points A, B, C and D are on the circumference of the circle such that the length of
the arc ABC is 4.32 cm.

(a) Find the value of @, giving the answer in radians.
2]
(b) ()  Find the reflex AOC.

(i1))  Hence, find the area of sector OADC.

SE Production Limited



1 7 Paper 1 - Areas and Perimeters of Segments

The following diagram shows a circle with centre O and radius 120 cm.

The points A, B and C are on the circumference of the circle, and AOB=131rad.

(a)

(b)

(©)

(b)

(©)

Find the exact length of arc ACB.

Find the length of AB.

Hence, find the perimeter of the shaded segment ABC.

The exact length of arc ACB
=(120)(1.31)
=157.2cm

AB=4/1207 +120% —2(120)(120) cos 1.31

AB=146.1982184
AB=146 cm

The required perimeter
=146.1982184+157.2
=303.3982184

=303 cm

www.seprodstore.com

(A1) for substitution
Al

(M1)(A1) for substitution

Al

(M1) for correct approach

Al

[3]
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Exercise 17

1. The following diagram shows a circle with centre O and radius 18 cm.

The points A, B and C are on the circumference of the circle, and AOB=241rad.

(a) Find the exact length of arc ACB.

(2]
(b) Find the length of AB.

(3]
(c) Hence, find the perimeter of the shaded segment ABC.

(2]

2. The following diagram shows a circle with centre O and radius 2 cm.

The points A, B and C are on the circumference of the circle, and AOB=0.68rad.

(a) Find the area of the sector OACB.

[2]
(b) Find the area of the triangle OAB.

(2]
(c) Hence, find the area of the shaded segment ABC.

[2]
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3.

The following diagram shows the chord AB in a circle of radius 15.6 cm, where
AB=25cm.

(a) Find the size of the minor angle AOB, giving the answer in radians.

(b) Find the area of the sector AOB.
It is given that the area of the triangle AOB is 117 cm”.

(c) Find the area of the shaded region.

The following diagram shows the chord AB in a circle of radius 24 cm, where
AB=37cm.

(a) Find the size of the minor angle AOB , giving the answer in radians.
(b) Find the length of the minor arc AB.

(c) Hence, find the perimeter of the shaded segment.

www.seprodstore.com

(3]

(2]

(2]

(3]
(2]

(3]
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1 8 Paper 1 - Ambiguous Case in Sine Rule

Consider the triangle ABC such that BC=12, AC=9 and ABC=2%".

(a) Find the possible values of BAC.

(b) If BAC is an acute angle, find AB.

sinBAC sin ABC
(a) =

BC AC
sinBAC  sin28’

29
12sin 28"

sin BAC =

BAC =38.75283673° or 180° —38.75283673°
BAC =38.8° or 141°

AB  AC
sin ACB  sin ABC
AB 9
sin (180" — 28" —38.75283673") " sin28§°
AB=17.61405255
AB=17.6

(b)

52
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2]

(M1) for sine rule

(A1) for substitution

A2
[4]

(A1) for substitution

Al



Exercise 18

1.

Consider the triangle ABC such that BAC =20", AC=80 and BC=30.

(a) Find the possible values of ABC.

[4]
(b) If ABC is an obtuse angle, find ACB.

2]
Consider the triangle ABC such that BC =20, AC =+/151 and ABC=33".
(a) Find the possible values of BAC.

[4]
(b) Hence, find the possible values of AB.

[3]

(c) For the above two cases, write down the difference between the perimeters of the
triangle ABC.

[1]

Consider the triangle ABC such that BAC=18", AC= x/ﬁ and BC=2.7.

(a) Find the possible values of ABC.

[4]
(b) Hence, find the area of the triangle if it is greater than 6.

[3]
Consider the triangle ABC such that BC=37, AC=27 and ABC=41".
(a) Find the possible values of BAC.

[4]
It is given that the perimeter of the triangle ABC is less than 84.
(b) (1) Write down an inequality of AB.

(i1) Hence, find the perimeter of the triangle ABC.
[4]

www.seprodstore.com
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Chapter

Complex Numbers

SUMMARY POINTs

Terminologies of complex numbers:

i=J-1: Imaginary unit

z=a+bi: Complex number in Cartesian form
a: Real part of z

b : Imaginary part of z

z =a—bi: Conjugate of z=a+bi

|Z|=r:x/a2 +b* : Modulus of z=a+bi

arg(z)=60= arctan%: Argument of z=a+bi

Properties of Argand diagram:
1. Real axis: Horizontal axis
2. Imaginary axis: Vertical axis

SE Production Limited



SUMMARY POINTs

Forms of complex numbers:
1. z=a+bi: Cartesian form
2. z=r(cos @ +isind) = rcis@: Modulus-argument form

3. z=re'’: Euler form

Properties of moduli and arguments of complex numbers z, and z,:

21| =[2|=]

z| |2

2| |z

arg(zlzz) =argz +argz,

arg [iJ =argz —argz,

Z,

If z=a+bi is a root of the polynomial equation p(z)=0, then z" =a—bi is
also a root of p(z)=0

Solutions of Chapter 6

www.seprodstore.com
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1 9 Paper 1 - Real and Imaginary Parts

1
(a) Express ZZT in the form a+bi, where a, be Q.
+1

(b) Express z° in the form a+bi, where a, be Q.

(c) Hence, write down the imaginary part of z°.

1 2 1.
(a) —=———1 A2
241 5 5
3
2 1
b 2= =—=i
e
po2 1 A2
125 125
11
c - Al
© 125

1. (a) Express z = - in the form a+bi, where a, be Q.

-4
(b)  Express z* in the form a+bi, where a, be Q.

(c) Hence, write down the real part of z°.
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=-1-0.51.

z 1s a complex number such that "
—Zz

(a) Express z in the form a+bi, where a, beZ.

(b) Hence, write down the imaginary part of z .

z 1s a complex number such that 2z—1-1=5+7i.

(a) Express z in the form a+bi, where a, be Z.
(b) Express z* in the form a+bi, where a, beZ.
(c)  Hence, write down the real part of z*.

z 24 -71
5-12i i

z 1s a complex number such that

(a) Express z in the form a+bi, where a, beZ.

(b) Express (i’z)’ in the form a+bi, where a, beZ.

(c) Hence, write down the imaginary part of (i’°z)>.

www.seprodstore.com
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(1]

(2]

(2]

(1]

(2]

(2]

[1]
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20 Paper 1 - Moduli and Arguments

Consider the complex number z =

(2)
(b)
(©)

(2)

(b)

(©)

Express z in the form a+ib, where a, b€ Q.

3+41

Find the exact value of the modulus of z .

Find the value of the argument of z .

The modulus of z

{74

1

The argument of z
3

5
=arctan| =
4

3 j
=arctan| —

=0.6435011088 rad
=0.644 rad

SE Production Limited

i
-, where zeC.

A2

M1

Al

Ml

Al

[2]
[2]
[2]



. -1
Consider the complex number z = P where zeC.
+1

(a) Express z in the form a+ib, where a, be Q.

(b) Find the exact value of the modulus of z.

(c) Find the value of the argument of z .

Consider the complex number z = G- %i ,where zeC.
(a) Express z” in the form a+ib, where a, be Q.

(b)  Find the exact value of the modulus of z>.

(c) Find the value of the argument of z°.

Consider the complex number z = %— gi , where zeC.

(a) (1) Express z° in the form a+ib, where a, be Q.

. . . 352 . .
(i1) Hence, write down (z°) + s in the form a+ib, where a, b Q.

[3]

. . 352
(b) Find the exact value of the modulus of (z°)" + s
[2]
. 5+ 352
(c) Write down the exact value of the argument of (z°) + s

[1]

The complex numbers z; and z, have arguments between 0 and m radians. Given that

z,+iz, =0, 222 :—2—2\/Zi and |22|=2,where acR.

(a) Find the modulus of z, .
(b) Find the value of a.

(c)  Hence, find the argument of z,”.

www.seprodstore.com
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2 1 Paper 1 - Argand Diagrams

In the following Argand diagram with the origin O, the point A represents the complex
number —4+10i. The shape of OABC is a square.

Im(z
"B

0 » Re(z)

(a) Determine the complex numbers represented by
(1) the point B ;
(i1) the point C.

(b) Hence, find the area of OABC.

(a) (1) z, =—4+10i+(10+4i) M1
z, =6+14i Al
z. =0+0i+(10+41) M1
z. =10+4 Al
[4]
(b) The area of OABC
= (OA)? Ml
= (=47 +10°)
=116 Al
(2]
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Exercise 21

1.

In the following Argand diagram with the origin O, the point A and the point B
represent the complex numbers —2+9i and 3 —3i respectively. The shape of ABCD is a
rectangle such that AD =2AB.

o D

0 \/ » Re(z)

B

(a) Write down

()  Re(3-3i)—Re(-2+9i);

(i)  Im(3—3i)—Im(—2+9i).

2]
(b) Find the length of AB.

2]
(c) Hence, find the area of ABCD.

2]

In the following Argand diagram with the origin O, the point A represents the complex
numbers —18+10i. The shape of ABC is an equilateral triangle with the horizontal side

AB=20. Tm(z)
A

/

NIV
\/0

B

C

(a) Determine the complex numbers represented by

(1) the point B ;
(i1) the point C, giving the answer in exact value.

[4]
(b) Find the area of ABC.

www.seprodstore.com
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3. In an Argand diagram with the origin O, the points A, B, C and D represent the

complex numbers z=4+4i, z', @=-2+2i and »" respectively.

(a)

(b)

(©)

Sketch the points A, B, C and D on the following Argand diagram, and sketch
the quadrilateral ABDC.

Im(z) [3]
A

A

» Re(z)

Find arg(w).

2]
Find the area of the quadrilateral ABDC.

2]

4. In an Argand diagram with the origin O, the points A, B and C represent the complex

numbers z=-3+6i, z—6—-15i and (18+9i)" respectively.

(a)

(b)

(©)

62

Sketch the points A, B and C on the following Argand diagram, and sketch
the triangle ABC.

Im(z)
A

» Re(z)

Find arg(z—6—-151).

Find the exact area of the triangle ABC.
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2 2 Paper 1 - Forms of Complex Numbers

. . T . 2
Consider the complex numbers z, = 01sg and z, = 60157 .

(a)

(b)

(a)

(b)

Express z z, in the form
6) rcisf
()  re’.

Hence, find the imaginary part of z,z,.

i zz :(cis%J(&is%j
2z, = (1)(6)cis(% + 2{)

z,z, = 6cis 5?71

Srw.

(ii) z,z, =6e°

The imaginary part of z,z,

= 6sin 5—”
6

=3

www.seprodstore.com
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Al

(M1) for valid approach

Al
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1. Consider the complex numbers z, = 120is7?7z and z, = 4cis% .
(a) Express 2L in the form
2
6)) rcisf
(i) re'’.

(b) Hence, find the real part of A,
Z

2. Consider the complex numbers z, = ISﬁcis(—%J and z, = écis% .

(a) Express z,z, in the form
(1) rcisé
i0

(i)  re.

(b)  Hence, find the real part of z,z, .

3. Consider the complex numbers z, = 2cis % and z, = 3cis% .

(a) (1) Express z, in the form rcis@.

(i1) Hence, find the imaginary part of z,*.
(b)  Express z’z, in the form

(1) rcisé

(i1) re’ .

64
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4.

Consider the complex numbers z, = %cis% and z, = écis —.

(a)

(b)

(1) Express z," in the form rcis@.
(i)  Hence, find the real part of z,*.

Z,

Express Py in the form
1

6)) rcisé

()  re”’.

www.seprodstore.com
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2 3 Paper 1 - Complex Roots of Quadratic Equations

A quadratic function is given by f(x)=x" —6x+58. It is given that the range of f(x) is
{y:y=>49}.

(a) Explain why there is no real root for the equation f(x)=0.
[1]
(b) Find the complex roots of the equation f(x)=0, giving the answer in the form
a+bi,where a, beQ.
[3]
(c) If the above two complex roots are located on an Argand diagram, write down the
distance between the roots.

[1]

(a) The range of f(x) is {y:y>49}, means the graph
of f(x) does not have any x -intercept. R1
[1]
(b) x*—6x+58=0

L Z(6)£(-6)° ~41)(58)

(A1) for substitution

2(1)
/-1
X= % (A1) for simplification
_ 6241961
2
x=3t71 Al
[3]

() 14 Al
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A quadratic function is given by f(x)=—x" +4x—29. It is given that the range of f(x)
1s {y:y<-25}.

(a) Explain why there is no real root for the equation f(x)=0.
[1]
(b) Find the complex roots of the equation f(x)=0, giving the answer in the form
a+bi,where a, beQ.
[3]
(c) If the above two complex roots are located on an Argand diagram, write down the
distance between the roots.

[1]

A quadratic function is given by f(x)=(x+5)’ +64.

(a) Explain why there is no real root for the equation f(x)=0.
[1]
(b) Find the complex roots of the equation f(x)=0, giving the answer in the form
a+bi,where a, beQ.
[3]
(c) If the above two complex roots are located on an Argand diagram, write down the
distance between the roots.

[1]

A quadratic function is given by f(x)=ax’ +bx+c . It is given that the complex roots of
f(x)=0 are 4+13i and 4—13i.

(a) Write down the values of
(1) (4+131)+(4—131);

(i)  (4+13i)(4—13i).

2]
(b) Hence, find the expression of f(x), giving the answer in terms of a.

[3]
The graph of f(x) passes through (4,169).
(c) Find the value of a.

2]
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4. A quadratic function is given by f(x)=ax’ +bx+c. It is given that the complex roots of

1 1
x)=0 are ——+21i and ———21.
f(x) 5 5

(a) Write down the values of

[2]

(b) Hence, find the expression of f(x), giving the answer in terms of a.
The graph of f(x) passes through (0,—-17).

(c) Find the value of a.
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2 4 Paper 2 - Applications of Complex Numbers

Two alternating current electrical sources are given as ¥, =4cos(4¢+0.1) and

V, =3cos4t respectively, where ¢ represents time in seconds. The total voltage V' is

givenby V' =V, +V,.

(a)

(b)

It is given that V; +V, =Re(e

(©)

(d)

(e)

)

(2

Write down the amplitude of
o W

i .

Find the period of V.

“(z+w)), z, weC.

Find the expression of z+w.

Express the following in the form 7(cos@+isin6):
(1) z

(ii) w

It is given that z+w=Le'*. Find

®» L

(i1) a.

Using V, +V, =Re(e" (z+w)), express V' in the form Acos(Bt+C), 4, B,
CeR.

Hence, find the total voltage when 7 =1.

www.seprodstore.com
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(a)

(b)

(©)

(d)

(e)

(1) 4
(i) 3

The period of 7,

2

V. +V, =4cos(4t+0.1)+3cos 4¢
V, +V, =Re(4e™" V") + Re(3e™")
V,+V, =Re(4e™ " +3¢")
V,+V, =Re(e" (4e"" +3))

sz+w=4e""+3

i)  z=4""
z=4(cos0.1+1sin0.1)

(i1) w=3
w=3(cos0+1isin0)

(1) z+w=4(cos0.1+1isin0.1) +3(cos 0 +1isin 0)

z+w=(4cos0.1+3cos0)
+1(4sin 0.1+ 3sin 0)

z4+w=6.980016661+0.39933366661

L= \/6.9800166612 +0.3993336666

L =6.991430466
L=6.99

0 0.3993336666

6.980016661
a =0.0571486937
a=0.0571

(i1) o = arcta

SE Production Limited
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Al

(M1) for valid approach

Al

(M1) for valid approach
(A1) for correct approach

Al

Al

Al
(2]

(M1) for valid approach

(A1) for correct values

M1

Al

M1

Al



() Vi +V,=Re(e" (z+w))

V- +V, =Re(e"" -6.991430466¢" ') (M1) for substitution
V +V, =Re(6.991430466¢" 71457 (A1) for correct approach
V +V, =6.991430466 cos(4¢ +0.0571486937)
V. +V, =6.99cos(4¢ +0.0571) Al
[3]
(2) The required total voltage
=6.991430466 cos(4(1) +0.0571486937) (M1) for substitution
=-4.260226648 V
=426V Al
2]
1. Two sound waves are given as S, =2sin(67 —0.1) and S, =3sin(6z +0.25) respectively,
where S, and S, represent the amplitudes of the two sound waves respectively, in
millimetres, and ¢ represents time in seconds. The total amplitude S is given by
S=5+5,.
(a) Write down the amplitude of
(1) AT
(i1) S, .
[2]
(b) Find the period of S, .
2]
It is given that S, +S, =Im(e*' (z+w)), z, weC.
(c) Find the expression of z+w.
[3]
(d)  Express the following in the form 7(cos@+isinf):
»H z
(i1) w
(2]

71
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(e) It is given that z+w=Le'*. Find
®»  L;
(i1) a.
[6]
(f) Using S, +S, =Im(e® (z+w)), express S in the form Asin(Bt+C), 4, B,
CelR.
[3]
(2) Hence, write down the minimum total amplitude.
[1]
2. Two waves are given as W, =5cos(7t—0.9) and W, =7 cos(zt —1.3) respectively, where

W, and W, represent the amplitudes of the two waves respectively. ¢ represents time in

seconds. The total amplitude W is given by W =W +W,.

(a) Write down the amplitude of
(1) Wi
i W,
[2]
(b) Find the period of /7, .
[2]
It is given that W +W, =Re(e™ (z+w)), z, weC.
(c) Find the expression of z+w.
[3]
(d)  Express the following in the form 7(cos@+isinf):
(1) z
) w
[2]
(e) It is given that z+w=Le'*. Find
® L
(i1) a.
[6]
(f) Using W, +W, =Re(e™ (z+w)), express W in the form Acos(Bt+C), 4, B,
CelR.
[3]
(2) Hence, find ¢t when W =0, 1<t<2.
[2]
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Two sound waves are given as S, =8cos(107+0.05) and S, respectively, where S, and

S, represent the amplitudes of the two sound waves respectively, in millimetres, and ¢

represents time in seconds. The total amplitude S is given by
S=85,+S, =10cos(10+0.15) .

(a) For §, write down its
(1) amplitude;
(il))  period.
It is given that S, =Re(e"'(z—w)), z, weC.

(b) Find the expression of z—w.

(c) Express the following in the form r(cos@+isinf):
(1) z
(i1) w
(d) It is given that z—w=Le'* . Find
(1) L;
(ii) a.

(e) Express S, in the form Acos(Bt+C), A, B, CeR.

63) Hence, find the value of ¢+ when S, =1.5, 9.5<7<10.
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4. Two alternating current electrical sources are given as V, =7smn(2zt —0.95) and V,

respectively, where ¢ represents time in seconds. The total voltage V' is given by

74

V=V, +V, =63sin(27t —0.5).

(a)

For V,, write down its

(1) amplitude;

(i)  period.

It is given that V, =Im(e’™ (z—w)), z, weC.

(b) Find the expression of z—w.
(c) Express the following in the form r(cos@+isinf):
(1) z
(i1) w
(d) It is given that z—w=Le'* . Find
o L
(i1) a.
(e) Express V, in the form Asin(Bt+C), 4, B, CeR.
63) Hence, find the range of values of + when V, >2, 0.5<¢<1.5.

SE Production Limited
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Chapter

Matrices

SUMMARY POINTs

Terminologies of matrices:

: A mxn matrix with m rows and n columns

a;: Element on the ith row and the jth column
1 0 -0
0 1

: Identity matrix

: Zero matrix

www.seprodstore.com
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SUMMARY POINTs

v Terminologies of matrices:
a, 0 0
0 ay ) .
; : Diagonal matrix
0 0 - a,
|A| = det(A): Determinant of A
A is non-singular if det(A)=0
A" Inverse of A
A" exists if A is non-singular

) a b
v For any 2x2 square matrices Az( ]:

c d
1. |A| = det(A) = ad —bc: Determinant of A
d -b
2. Al = ! : Inverse of A
ad -bc\-c a
v Operations of matrices:
ap a, b, - b, a,tb, - a,*bh,
1 : bl D= :
ml amn bml bmn aml ibml e amn ibmn
ay 4y, ka, - ka,
2. kKl 2 . =] ' :
aml o amn kaml o kamn
3. ¢; =ayb; +a,b,, +---+a,b,: The element on the ith row and the jth
ay  coay, (b o by
columnof C=AB=| : . : : ..t |,where A, B and C
aml o amn bnl bnk

are mxn, nxk and mxk matrices respectively

76
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SUMMARY POINTs

ax+by=c
A 2x2 system

X
can be expressed as AX =B, where X:( J can
Y

dx+ey=f

b -1
be solved by X:A“B:(a j (C]
d e f

ax+by+cz=d X
A 3x3 system Jex+ fy+gz=h can be expressed as AX=B, where X=| y
ix+ jy+kz=1 z

-1

b ¢\ (d
S og| | h
i k)1

a
can be solved by X=A"'B=| e

i

Eigenvalues and eigenvectors of A:
det(A — AI): Characteristic polynomial of A
Solution(s) of det(A—AI)=0: Eigenvalue(s) of A

v: Eigenvector of A corresponding to the eigenvalue 4, which satisfies
Av =Av

Diagonalization of A:
A0
0 A

: Diagonal matrix of the eigenvalues of A

0 0 - A

V=(v, v, - Vv,):Amatrix of the eigenvectors of A

A=VDV'= A" =vVD"'V"'

www.seprodstore.com
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SUMMARY POINTs

Two-dimensional transformation matrices:

1 O
1. 0 j: Reflection about the x -axis

-1
0
cos26 sin26
sin26 —cos26
0

0 . .
J: Reflection about the y -axis

]: Reflection about the line y =mx, where m=tan®
: Vertical stretch with scale factor &

: Horizontal stretch with scale factor &

. : Enlargement about the origin with scale factor &

cos@d —sind

. : Rotation with positive angle 8 anticlockwise about the
sinf cosé

origin
cosd sinf . . - .
‘ : Rotation with positive angle 8 clockwise about the
—sinf cosd
origin
Area of the image =|det(T)|- Area of the object, where T is the
transformation matrix

Solutions of Chapter 7
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2 5 Paper 1 - Matrix Algebra

0 1
Let A=| 2 3 1 andB:(
20

(a)
(b)
(©)

(a)

(b)

(©)

1
3x? 4x2}

) 2% 3% )

Write down det A .

Find detB.

Solve the equation 4det A =detB.

det B=(3x")(3x")—(4x*)(2x")
detB=9x" —8x
detB=x’

4det A=detB
408 =x

x’ =32

x=2

www.seprodstore.com
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(M1) for setting equation
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2 4 1 e
1.  LetA=|-3 -5 3 |and B:( ¥ J
1 0 -1 o

(a) Write down det A..
(b) Find detB.

(c) Solve the equation (11—det A)x =detB.

31 -1
1+x X
2. Let A=|0 2 -5|and B= .
2x 1-x
1 0 1

(a) Write down det A.
(b) Find detB.

(c) Solve the equation det A+detB—5x=0.

4 1
3. LetA:( 2}.
3" e

(a)  Find detA.

(b) Solve the equation det A—1=0.

Inx 3
4. Let A= .
( -2 In xj

(a)  Find detA.

(b) Solve the equation det A =5Inx, giving the answer(s) in terms of e.

SE Production Limited



2 6 Paper 1 - Inverse of a Matrix

3 4 5
Let A=|2 -3 —4]|.
2 -1 0

(a)  Write down A™".

[2]
2 3 1
Itis given that AB+I={0 1 —1|, where B and I are 3x3 matrices.
3 -3 2
(b)  Find B.
[3]
rs 1
6 24 24
(a) Al = s 1 A2
312 12
LI
6 24 24
[2]
2 3 1
(b) AB+I={0 1 -1
3 -3 2
3 1
AB=(0 0 -1
-3 1
1 3 1
B=A"0 0 -1 (M1) for valid approach
3 -3 1

www.seprodstore.com
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1.

2.

(a)

7

24

12
47

24

29

3
8

f—

5
4

21
8

Write down A",

1

It is given that AB+| 0

-1

(b) Find B.
31 0
Let A=| 2 1 1
-1 1 -1
(a)  Write down A",

-8

It is given that AB=| 2

(b)

Find B.

5

—1 A2

[2]
-2 2
1 3 |=2I,where B and I are 3x3 matrices.
0 -3

[2]
5 3
6 7 |-51,where B and I are 3x3 matrices.
-4 —4
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2 3 2

10 -7 2

Let A=|-3 3 —4|and B=| 5 -9 6].

(a)

It is given that A”'CA = %B , where C is a 3x3 matrix.

2 1 2

Write down A",

(b)  Find C.
0 4 5
Let A=|0 2
1 -5 7
(a)  Write down A™".

It is given that ACA™' =B’, where C is a 3x3 matrix.

(b)

Find C.

-4 3 8

1 2 -1

3land B=|3 -3 2

0 0 1

www.seprodstore.com
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2 7 Paper 1 - Systems of Equations

1 2 3 2 x
Let A=[0 -5 —6|, B=|7 |and X=|y|.
0 -3 -2 11 z

(a)  Write down A™".

(b) Solve X in the equation AX=B.

23
8 8
@ A'=|0 % —% A2
0o -3 2
8 8
[2]
b)) AX=B
X=A"B (M1) for valid approach
2
4
X = —g A2
H
4

84
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Exercise 27

2 1 6 -3 X
1. Let A={4 5 1|,B=| 0 |and X=|y
1 2 4 4 z

(a) Write down A™'.

(b) Solve X in the equation AX =B.

2 0 -5
2. Let A=|1 2 -8].
6 -1 -3

(a)  Write down A",

2x—5z="740
(b) Hence, solve the system { x+2y—-8z=592 .
6x—y—-3z=-444

3 21 1
3. Let A=|2 a 1|, where aeZ.lItis giventhat A~ =| -1
1 10 0
(a) Find a.
0 X
It is also given that B=| 6 | and X =] y |.
9 z

(b) Solve X in the equation AX=B.

www.seprodstore.com
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1 1
p 16 16 116 1 165
4, Let A= 8 -8 ,where p, geZ.ltisgiventhat A" =| — — ——|.
g 16 ?6 P-4 8 64 16 64
o 11 3
64 16 64

(a) Find p and q.
-1 X
It is also given that B=| -1 | and X=| y |.

2 z

(b) Solve X in the equation AX =B.

SE Production Limited
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2 8 Paper 1 - Transformation Matrices

V3oL
. (0 -1 2 2
The transformation S and T are represented by the matrices and
: LB
2 2
respectively.
(a) Find ST.
2]
(b) Describe the transformation represented by ST .
[1]
(c) ST transforms the point (2, 4) to the point P . Find the coordinates of P .
[2]
N
0 -2 2
(a) ST = ( j
oL
2 2
LB
st=| 2 2 A2
oL
2 2
2]
(b) Rotation anticlockwise of 2?” radians about the
origin. Al
[1]
LB
X 2 2 (2 .
(c) = (M1) for valid approach
RS
2 2
x) [ —4.464101615
y) (-0.2679491924
Thus, the coordinates of P are (—4.46,—0.268). Al
[2]

www.seprodstore.com
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Exercise 28

0 2 0 1
1. The transformation S and T are represented by the matrices (1 Oj and [ j

30

respectively.
(a) Find ST.

[2]
(b) Describe the transformation represented by ST .

[1]
(c) ST transforms the point (3, —5) to the point P . Find the coordinates of P .

(2]

: ) -1 0 1 0
2. The transformation S and T are represented by the matrices 0 and 0 —1

respectively.
(a) Find ST.

(2]
(b) Describe the transformation represented by ST .

[1]
(c) ST transforms the point P to the point (2, 1). Find the coordinates of P .

[3]

NER
3. LeT=l 2 2|
LB
2 2

(a) Describe the transformation represented by T .

[1]
(b) T transforms the point (4, 4) to the point P . Find the coordinates of P .

2]

(c) Write down the smallest positive integer n such that T" =1, where I isa 2x2
identity matrix.

2]

SE Production Limited



Let T=

(a)

(b)

(©)

1

ﬁ

2 2
3ot
2 2

Describe the transformation represented by T .

[1]
T transforms the point P to the point (-2, 23 ). Find the coordinates of P .

[3]
Write down the smallest positive integer n such that T" =1, where I isa 2x2
identity matrix.

[2]

www.seprodstore.com
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2 9 Paper 2 - Eigenvalues and Eigenvectors

The matrix A is defined by A :( s

1
4]. Let 4, and A, be the eigenvalues of A,

where 4, < 4,.

(a) Find the characteristic polynomial of A .

(b)  Hence, write down the values of A, and 4, .

Let v, and v, be the eigenvectors of A corresponding to 4, and A, respectively.
(c) Write down v, and v,.

It is given that det(A) =aA A4, , where o € R.

(d) Find o« .

It is given that A" =PD"P™', where P isa 2x2 matrix and D is a 2x2 diagonal
matrix.

(e) Write down

o P
(i1) D".
[3]
() Hence, express A" in terms of 7.

920
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(a)

(b)

(©)

(d)

(e)

)

The characteristic polynomial of A
=det(A—AI)

2-1 1
- ‘ 5 4- z‘
=(2-A)(4-4)-(1)=5)
=—84+21—4A+ 1> +5
=A"-21-3

A=-1, 2, =3

det(A) =al A,
S=3=a(-1)(3)
a=1

, 11
(1) | s

(0
) (o 3"]

1 1) (=1 1 1)
e (D" 0
1 5L o 315
_ 1\ n 1 171
A [CD3
1" 5-3")1 5
s 1
A D3 4 4
" 53) 1 1
4 4
5 n 1 H 1 1 i’l
Z( D" - r _Z( D"+ Z
A=l 54 1 5
2(=1 S i
4( )" = 4 4( )" 4

www.seprodstore.com

(M1) for valid approach
Al

(2]
A2

(2]
A2

(2]
(M1) for setting equation
Al

(2]
Al
A2

(3]
Al
(A1) for correct approach
Al

[3]
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-2
The matrix A is defined by A =[ .

where 4, < 4,.
(a) Find the characteristic polynomial of A .

(b)  Hence, write down the values of 4, and 4, .
Let v, and v, be the eigenvectors of A corresponding to A, and A, respectively.

(c) Write down v, and v,.
It is given that det(A) = . , where e R.
Aty

(d) Find « .

It is given that A" =PD"P™', where P isa 2x2 matrix and D is a 2x2 diagonal
matrix.

(e) Write down

o P
(i1) D".
63) Hence, express A" in terms of 7.

9
The matrix A is defined by A = [2 3 J Let 4, and A, be the eigenvalues of A,

where 4, < 4,.
(a) Find det(A —AI), giving the answer in terms of A .

(b)  Hence, write down the values of A, and 4, .

SE Production Limited

5 J Let A, and A, be the eigenvalues of A,

2]



Let v, and v, be the eigenvectors of A corresponding to A, and A, respectively.

(c) Write down v, and v,.

2]
It is given that 3det(A)+a4 A, =0, where o € R.
(d) Find o« .
(2]
It is given that A" =PD"P™', where P isa 2x2 matrix and D is a 2x2 diagonal
matrix.
(e) Write down
®» P
(i1) D".
[3]
()  Hence, find A", giving the entries in exact values.
[3]
4 L
The matrix M is defined by M = 16 |. Let 4 and A, be the eigenvalues of M,
=35 2
where 4, < 4,.
(a) Find the characteristic polynomial of M.
2]
(b)  Hence, write down the values of A, and 4, .
[2]
Let v, and v, be the eigenvectors of M corresponding to 4, and A, respectively.
(c) Write down v, and v,.
[2]
It is given that M" = PD"P™', where P isa 2x2 matrix and D isa 2x2 diagonal
matrix.
(d) Write down
» P
(i1) D".
[3]

www.seprodstore.com
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(e) Hence, express M" in terms of 7.

[3]
Let f(n) be the first diagonal entry of M".
63) Write down lim f'(n) .
[1]
31
4. The matrix M is definedby M=| 2 2 |. Let 4 and A, be the eigenvalues of M,
1 0
where 4 <4,.
(a) Find the characteristic polynomial of M.
2]
(b)  Hence, write down the values of 4, and 4, .
2]
Let v, and v, be the eigenvectors of M corresponding to A, and A, respectively.
(c) Write down v, and v,.
2]
It is given that M" =PD"P™', where P isa 2x2 matrix and D is a 2x2 diagonal
matrix.
(d) Write down
®» P
(i1) D".
[3]
(e) Hence, express M" in terms of 7.
[3]

Let g(n) be the last diagonal entry of M”.

63 Write down lim g(n) .

n—>0

[1]
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3 0 Paper 2 — Miscellaneous Problems

The function f is defined by f(x)=ax’ +bx+c, where a, b, ceZ. It is given that the
graph of f passes through (-10, 540), (10,500) and (20, 1980).

(a) (i)  Show that 100a—10b+c = 540.

(i1))  Write down the other two equations in @, b and c.

[3]

The above three equations can be expressed in a matrix equation AX =B, where A is a
a
3x3 matrix, and X =| b | and B are two 3x1 matrices.

c

(b) Write down

(1) A;
(i)  B;
(i) A

(c) Hence, find the values of a, b and c.
(d)  Find
(1) the equation of the axis of symmetry;

(i1) the y -coordinate of the vertex.

www.seprodstore.com
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@ ()  540=a(—10)> +b(—10)+c
100a —105 + ¢ = 540

(i)  100a+10b+c =500
400a +20b+c =1980

100 -10 1
b (G  A=[100 10 1
400 20 1
540
(i) B=| 500
1980
R S
600 200 300
11
i) A'=|-— —
o 20 20
1 L
3 3

(c) a=5,b=-2and c=20
For any one correct answer
For all correct answers

(d) (1) The equation of the axis of symmetry:

(i1))  The y -coordinate of the vertex

RO

96
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Al

Al

Al

A2

Al
Al

(A1) for substitution

Al

(M1) for substitution

Al



The function f is defined by f(x)=ax’ +bx+c, where a, b, ceZ. Itis given that the
graph of £ passes through (50,3600), (20,—-900) and (5,—1125).

(@ (i)  Show that 2500a +50b+c =3600.

(ii))  Write down the other two equations in @, b and c.

[3]

The above three equations can be expressed in a matrix equation AX =B, where A is a
a
3x3 matrix, and X=| b | and B are two 3x1 matrices.

c

(b) Write down

1) A;
(i) B;
(i) AT

(c) Hence, find the values of a, b and c.
(d) Find
(1) the x -intercept(s) of the graph of f;

(i1) the y -coordinate of the vertex.

The function f is defined by f(x)=ax’ +bx’ +cx+d ,where a, b, c, d eZ.ltis
given that the graph of f* passes through (0, —384), (2, —840), (6, —2520) and
(10, —5544).

(a) (1) Show that d =—-384.
(i)  Show that 4a+2b+c=-228.

(ii1))  Write down the other two equations in @, b and c.

[4]

www.seprodstore.com
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The above three equations can be expressed in a matrix equation AX =B, where A is a
a
3x3 matrix, and X =| b | and B are two 3x1 matrices.

c

(b) Write down

) A;
(i) B
(i) AT
[4]
(©) Hence, find the values of a, b and c.
[2]
(d) Write down
(1) the x -intercept(s) of the graph of f';
(11) the y -intercept of the graph of f.
[4]
1 0
Let M = .
51
(a) (1) Find M”.
(i)  Find M’.
(iii) By using the above results, write down M.
[3]
Let s(n)=M+M’+M’ +---+M", where n>1.
(b) (1) Write down 5(2).
(i1) Write down 5(3) .
(iii) By using the above results, find 5(50).
[6]
Let p(n)=MxM*xM’ x---xM", where n>1.
(c) Find p(50).
[4]
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1 4
Let A= .

(2)

(b)

(©)

(i)  Find A*.
(ii))  Find A’.

(iii) By using the above results, write down A>.

[5]
0 3
Let B=A+ .
0 1
. , (1 21
(1) Show that B” = .
0 4
(i)  Find B’.
o . 1 7+14+28+56
It is given that B" can be expressed as 0 16 .
(iii)  Find B”.
[8]
: 0 3)].
Explain why det(B") = det(A") + det[( 0 1] J is not always true for n>1,
ne’.
[1]
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Chapter

Vectors

SUMMARY POINTs

Terminologies of vectors:
AB: Vector of length AB with initial point A and terminal point B

OP: Position vector of P, where O is the origin

- -

AB|: Magnitude (length) of A

v :|1—|v: Unit vector parallel to v, with |v|=1
v

0: Zero vector

i: Unit vector along the positive x -axis
j: Unit vector along the positive y -axis
k : Unit vector along the positive z -axis

Y

A vector v can be expressed as v=vi+v,j+vk or v=|v,

Vs

100
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SUMMARY POINTs

Properties of vectors:

1.  AB=OB-OA

v and kv are in the same direction if £ >0
v and kv are in opposite direction if k<0
12 kv,
k| v, |=| kv,
V3 kv,

u, 1%

Properties of the scalar product u-v of u=|u, | and v=| v, | where & is the
Us V3

angle between u and v:

u-v=uy, +u,v, +uv, =|u||v| cos@

ii=jj=k-k=1

i-j=j-k=k-i=0

u and v are in the same direction if u-v =|u]|v|

u and v are in opposite direction if u-v=—|u||v|

u and v are perpendicular if u-v=0

u-v=v-u

©® No bk~ Wi R

2
ll'll:|ll|

101
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SUMMARY POINTs
U Vi
v Properties of the vector product uxv of u=|u, | and v=|v, | where 0 is the
Us V3

angle between u and v:

UyVy — UV,
1. uxv=|wuy —uy, |=|ul|v|sinfi, where i//(uxv)
Uy, =i,
2. ixi=jxj=kxk=0
3. ixj=k, jxk=i and kxi=j
4. jxi=—k, kxj=—i and ixk=-j
5. u and v are parallel if uxv=0
6. u and v are perpendicular if [uxv|=ul|v|
7. uxv=—(vxu)
v The area of the parallelogram with adjacent sides AB and AD is |ABx AD
v The area of the triangle with adjacent sides AB and AD is %ABX AD
v Forms of the straight line with fixed point A(q,, a,, a,) and direction vector

b=bi+b,j+bk:

X a, b,
1. yvi=|a, |+t b, |, teR
z a, b,
x=a, +bt
2. y=a, +b,t: Parametric form
z=a,+bt
v Vector components:
1. % Vector component of u parallel to v
\4
lux vl .
2. v : Vector component of u perpendicular to v
\4

Solutions of Chapter 8

102
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3 1 Paper 1 - Intersection Between Lines

1 k
Consider the lines L, and L, defined by L, :r=| 3 |+s| -3 |and
5 k-2
2 k-2
Ly:r= 0 [+t 2 |, keR.Itisgiventhat L, and L, are perpendicular. Find the
-9 -1
possible values of k.
[4]
L, and L, are perpendicular.
k k-2
-3 |-/ 2 |=0 (M1) for setting equation
k-2 -1
)k -2)+(3)2)+(k—2)(-1)=0 (A1) for correct approach
k> —2k—6-k+2=0
k*—3k—4=0
(k+1)(k—-4)=0
k=—1or k=4 A2
[4]
3 k-1
1. Consider the lines L, and L, defined by L, :r=| =1 |+s| 20 | and
-2 -10
0 k+2
Ly:r=|0|+t k=2 |, keR.1Itisgiven that L, and L, are perpendicular. Find the
4 k
possible values of k.
[4]
103
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5 —4k 3 k
Consider the lines L, and L, defined by L, :r=|5|+s| k |and L,:r=| 2 |+t 1],
3 0 10 1
ke R .1Itis given that L, and L, are not perpendicular. Find the range of values of % .
[4]
7 4 15 6
Consider the lines L, and L, definedby L, :r=|5 |+s| 3 | and L,:r=| =8 |+¢| =5 |.
0 -1 1 0
It is given that L, and L, intersectat P .
(a) Find the value of s, the parameter value at P .
2]
(b) Hence, find the coordinates of P .
[3]
k 3 5 1
Consider the lines L, and L, defined by L, :r=| =5 |+s| —4 | and L, :r=| 3 |+¢] 2 |,
—4 -3 2 1
ke R .Itis given that L, and L, intersect.
(a) Find the value of s, the parameter value at the point of intersection.
[3]
(b) Hence, find the value of £ .
2]
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3 2 Paper 1 - Vector Equations of Lines
1

The line L, passes through the point A(3, 4, 6) and its direction vectoris | 3 |.
0

(a) Write down the vector equation of L, .

k
(b) The vector v=| =3 | is perpendicular to L, .
7

(1) Find the value of .

(i1) Hence, write down the vector equation of the line passing through A and
is parallel to v.

[4]

3 1
(a) r=4|+¢|3 A2
6 0
[2]
(b) (1) MK +B)(3)+(0)(7)=0 (A1) for correct equation
k—9=0
k=9 Al
3 9
(ii) r=|4|+s| -3 A2
6 7

www.seprodstore.com
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2

1. The line L, passes through the point A(1,—3,5) and its direction vectoris | 7 |.
4

(a) Write down the vector equation of L, .

(2]
(b) Another point B is given by B(3,—8,0).
(1) Write down AB.
(i1) Hence, write down the vector equation of the line passing through
C(0,3,0) and is parallel to AB.
[3]

2. The line L, passes through the points A(1,4,7) and B(-2,-8,5).

(a) (1) Write down AB.

(i1) Hence, write down the vector equation of the line passing through A and

is parallel to AB.

[3]
C(k, 0, 4) is a point such that BC L AB.

(b) Find the value of % .

106
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5
The line L, passes through the point A(3,—2,—1) and its direction vector is | 4 |. The

2
3 0
vector equation of another line L, is r =| =2 |+7| =3 |. v is a vector which is
-1 1

perpendicular to both L, and L, .

(a) Find v.
[3]

(b) Hence, write down the vector equation of the line passing through the point of
intersection of L, and L,, and is parallel to v.

2]

The line L, passes through the points A(2,0,1) and B(3, 3, 3) . Another line L, passes
through the points A and C(4,—-2,-2).

(a) Write down

(i)  AB;
(i1) AC.
2]
(b) Hence, find ABxAC.
(2]
(c) Write down the vector equation of the line passing through C and is parallel to
ABx KC .
[2]

www.seprodstore.com
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3 3 Paper 1 - Components of Vectors

1 2
The vectors a and b are givenas a=|3 | and b=| -4 |.
6 -5

(a) Write down 2a+b.

(b) Hence, find the component of 2a+b parallel to a .

(a) 2a+b=|2 Al

(b) The required component

2a+b)-
= % (M1) for valid approach
a
H(D)+(2)3)+(7)(6
=( YD +2)B) +7)6) (A1) for substitution
VI 437 462
=7.66698172
=7.67 Al
[3]
5 0
1. The vectors a and b are givenas a=|3 | and b=| 3 |.
0 0

(a) Write down a+3b.

(b) Hence, find the component of b parallel to a+3b.

108
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1 1
The vectors a and b are givenas a=|2 | and b=| -1 |.
3 =5

(a) Write down 3a—2b.

(b) Hence, find the component of 3a—2b perpendicular to a .

The coordinates of two points A and B are A(2, 6,3) and B(3,4,—2). Let O be the

origin.
(a) Find the component of OA parallel to OB.
OA

(b) (@)  Find

(i)  Hence, find AOB.

The coordinates of two points A and B are A(3,12,4) and B(5,3,1). Let O be the

origin.
(a) Find the component of OA perpendicular to OB .
OA

(b) ()  Find

(i1) Hence, find OAB.

www.seprodstore.com
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3 4 Paper 2 - Applications in Kinematics

A particle A is moving on a x - y plane. The displacement of A in the first 2 seconds is

given by s, =( j , where ¢ is the time in seconds after the start of motion.

12—t

(a) Find the coordinates of A 2 seconds after the start of motion.
[2]
(b)  Write down the vector equation for the displacement of A, giving the answer in
the form r=a+b.

2]
) . 6
A starts to accelerate such that the velocity of A after t =2 is givenby v, = 5]
(©) Find the coordinates of A
(1) 5 seconds after it accelerates;
(i1) 10 seconds after the start of motion.
[4]
(d) Find the acute angle between the line of motion of A and the x -axis.
2]

A collides with the another particle B at t=10. It is given that B travels at a constant

5
velocity vy = (5]

(e) Find the coordinates of B 5 seconds after A accelerates.

2]

() Hence, find the distance between the two particles 5 seconds after A accelerates.

[2]
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3(2) o
(a) S, = (M1) for substitution
12-2
6
S, =
Ao
Thus, the required coordinates are (6,10). Al
2]
0 3
(b) r= +1 A2
12 -1
[2]
i ¢ 5 ¢ 36 M1) f lid h
+ =
(c) (1) 10 _2 0 (M1) for valid approac
Thus, the required coordinates are (36,0). Al
ii ¢ 8 6 > M1) f lid h
—+ =
(i1) 10 S 6 (M1) for valid approac
Thus, the required coordinates are (54, —6). Al
[4]
2
(d) tand = P (M1) for valid approach
0 =18.43494882°
Thus, the required angle is 18.4". Al
2]
> 3 o M1) f lid h
(e) 6 5171 o1 (M1) for valid approac
Thus, the required coordinates are (39, —21). Al
2]
() The required distance
= \/(39 —-36)* +(-21-0)° (A1) for substitution
=21.21320344
=21.2 Al
2]
111
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A particle A is moving on a x - y plane. The displacement of A in the first 5 seconds is

10+¢
given by s, :{ o j, where ¢ is the time in seconds after the start of motion.

(a) Write down the vector equation for the displacement of A, giving the answer in
the form r=a+7b.

[2]
(b) Find the coordinates of A 5 seconds after the start of motion.
[2]
A starts to change its velocity such that the velocity of A after 1 =5 is given by
—4
vV, = L)
(©) Find the coordinates of A
(1) 7 seconds after it changes its velocity;
(i1) 20 seconds after the start of motion.
[4]

A collides with the another particle B at £ =20. It is given that B travels at a constant

-1
velocity vy :( J.

(d) Find the coordinates of B at 1 =0.

[2]
(e) Hence, write down the vector equation for the displacement of B, giving the
answer in the form r=a+b.
2]
63) Find the distance between the two particles 8 seconds before they collide.
[3]

A ball A is moving on a smooth table which can be modelled by a x - y plane. Its initial
position is (3,4). A collides with another stationary ball B after 1 second, and the

initial position of B is (15,9).

(a) Find the initial distance between the two balls.

2]
(b)  Write down the vector equation for the displacement of A, giving the answer in
the form r =a+rb, where ¢ is the time in seconds after the start of motion.

[2]
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B is at (15,15) one second after colliding with A .

(c) Find the velocity vector of B.

2]
A changes its velocity to ( 3] after the collision. It is given that A is at (21,3) x
seconds after collision.
(d) Find x.

(2]
(e) Find the angle between the velocity vectors of A and B.

[3]
It is given that the horizontal edge of the table is given by the equation y =24.
63) Find the amount of time needed for B to reach the edge after A starts its motion.

[3]

Two planes A and B are going to land on an airport. The airport and the surrounding
region can be modelled by a three-dimensional coordinate plane, where 1 unit on the
coordinate axes represents 1 km. At 8:00, A is 8 km above the position (—800,160) . It

aims to land at the position (0, 20, 0) at 10:00. Let ¢ be the number of hours after 8:00.

(a) Find the velocity vector of A .
(2]
(b) Find the speed of A .
2]
(c) Write down the vector equation for the displacement of A , giving the answer in
the form r=a+1b,

2]
—880 300
The vector equation of B is given by r=| =180 |+¢| 60
15 -5
(d) Find the time when B lands on the ground.
[2]
(e) Hence, find the coordinates of B when it lands on the ground.
2]
After A is landed on the airport at 10:00, an electric car is going to pick up passengers
557 -2
from A to the terminal. The velocity vector of the car is (4 * 10 Szj , where s is the
s—10s
number of hours after 10:00.
63} Find the time for the car to stop again after 10:00.
[3]
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4. In a game, two balls A and B are moving in a three-dimensional space, which can be
modelled by a three-dimensional coordinate plane. At the start of the game, A is at

5

(20,10, 0) and its velocity vectoris | 5 |.

0

(a) Write down the vector equation for the displacement of A, giving the answer in
the form r=a+b,
2]
After p seconds, A is at (40,10, 0).
(b) Find p.
2]
At the start of the game, B is at (20, 20, 20) . After 4 seconds, it is at (40, 0, 0).
(c) Find the velocity vector of B.
2]
(d) Write down the vector equation for the displacement of B, giving the answer in
the form r=a+1b,
2]
(e) Find the shortest distance between A and B.
[4]
63) Hence, write down the time when A and B are closest to each other.
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3 5 Paper 2 - Areas and Volumes

1 2 9 4
The vector equations of the lines Z, and L, are r=| 3 |+7/| -4 | and r=| =7 |+s| -2
7 3 12 -1

respectively. Let A and B be the points on L, and L, with parameters #=0 and s =0

respectively.

L, and L, intersect at C.

(a) (1) Find the value of s, the parameter value at C.

(i1))  Hence, find the coordinates of C.

[5]

13
(b) Let € be the acute angle between L, and L,. Show that cos@ = m

[3]
(c) (1) Write down C—:A .

(i1) Write down CB.
(iii))  Hence, find the area of the triangle ABC.

[5]
The coordinates of the point D are (—7,—15,—-2).

(d) Find the vector equation of the line L, that passes the point D and is parallel to
CAxCB.
2]

115
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(a)

(b)

(©)

x=1+2¢ x=9+4s
(1) L:iy=3-4t,L,:qy=-T-2s
z=T+3t z=12-=s
1+2¢t=9+4s
2t =8+4s
t=4+2s
3—4t=-—7-2s
S3-4(4+285)=-T7-2s
—13-8s=-7-2s
—6="06s
s=—1

x=9+4(-1)=5
() dy=-7-2(-1)=-5
z=12-(-1)=13

Thus, the coordinates of C are (5,—5,13).

b, =2i—4j+3k

b, =4i-2j-k

b,-b, =|b||b,|cos&
(2i—4j+3K)- (4i— 2j—K)

= (22 +(—4) + 34 +(=2)* +(=1)* ) cos @
)@ +(4)(-2)+3)(~1) = (V29)(¥21)cos 8
13= \/@cos 0

13
cosf =—

\609

(i) CA=-4i+8j—6k

(i) CB=4i-2j-k

SE Production Limited
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(M1) for substitution

Al

(M1) for substitution
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(d)

(iii)

The area of the triangle ABC

! CAxCB

=%|(—4i+8j—6k)x(4i—2j—k)|

[(®ED-co2
=2 o@D
(H(2)-®))

= %|—20i—28j—24k|

= %\/(—20)2 +(=28)° +(-24)’

=20.97617696

=21.0

The vector equation of the line L, :

r =

-7
=15 |+u
-2

—20
28
24

www.seprodstore.com
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15 6 0 -3
1. The vector equations of the lines Z, and L, are r=|11 [+7| 3 |and r=| 7 |+s| 2
6 2 —4 —6

respectively. Let A and B be the points on L, and L, with parameters £ =0 and s =0

respectively.
L, and L, intersect at C.

(a) (1) Find the value of ¢, the parameter value at C.

(i1))  Hence, find the coordinates of C.

[5]
(b) (1) Write down CA .
(i1) Write down CB.
(i11)  Hence, find the area of the triangle ABC.
[5]
(c) Find the vector equation of the line L, that passes the point C and is parallel to
CAxCB.
2]
D is a point on L, such that the coordinates of D are (73,-95,d).
(d) Find the value of d .
2]
(e) (1) Write down CD.
(i1))  Hence, find the volume of the pyramid ABCD.
[4]
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8 2

The vector equations of the lines L, and L, are r=| 8 |+ 0 | and

7 0
6 1
r= 8+2\ﬁ +s \E respectively. Let A and B be the points on L, and L, with
7 0
parameters # =—1 and s =—1 respectively.
(a) Show that the coordinates of C, the point of intersection of L, and L, , are
(4,8,7).
[3]
(b) Find the acute angle between L, and the y -axis.
[3]
(c) (1) Write down CTA .
(i1) Write down C%B , giving the answer in exact values.
(iii)  Hence, find the value of ACB.
[5]
(d) Find the area of the triangle ABC.
[3]

D, E and F are the points such that ABCFED is a prism, where the triangle ABC is
congruent to the triangle DEF. It is given that the total surface area of the prism

ABCEFED is 2(30+\/§ ). Let & be the height of the prism ABCFED.

(e) @) Find the value of /.

(11) Hence, find the volume of the prism ABCFED.
[4]
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14 -5 -6 1
3. The vector equations of the lines L, and L, are r=| 18 |+/| -6 | and r =| —14 |+5| 2
8 -2 —6 1

respectively. L, and L, intersectat P .

(a) (1) Show that ¢ =2, where ¢ is the parameter value at P .

(i1))  Hence, find the coordinates of P .

[5]
R(a, 4,3) is apoint lyingon L, .
(b) Write down the value of a.
[1]
Q isapoint on L, such that RQ=—-4i—4j—k.
(c) (1) Write down OR .
(i1) Hence, find the coordinates of Q.
[3]
Let T and S be the points on L, and L, where PT =6PQ and PS=14PR.
(d) Write down
(1) PQ;
(i1) PT;
(i)  PR;
(iv)  PS.
v) Hence, find the exact area of the quadrilateral QRST .
[8]
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4.

The coordinates of the points O, A, B, C and D are (0,0, 0), (3,0,0), (3,0, 3),

(0,0, 3) and (0,—3, 0) respectively. E is a point on the line segment BD such that
AE 1 BD.

(a) (1) Find the vector equation of BD, giving the answer in the form r =a+7b .

-

(11) Express AE in terms of .

(ii1))  Hence, show that the coordinates of E are (2,1, 2).

[7]
(b) (1) Write down BA and BC.
Let n, =BAxBD and n, =BCxBD.
(i)  Find n,.
(i)  Find n,.
(iv)  Hence, find the acute angle between n, and n, .
[9]
F is a point on the y -axis such that the volume of the pyramid OABCF is 15.
(c) Find the possible coordinates of F.
[4]
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Chapter

Graph Theory

SUMMARY POINTs

Terminologies of graphs:

Vertex: A point on a graph

Edge: Arcs that connect vertices

Walk: A sequence of edges

Path: A sequence of edges that passes through any vertex and any edge at
most once

Degree of a vertex: Number of edges connecting the vertex
Connected graph: A graph that there exists at least one walk between any two
vertices

Unconnected graph: A graph that there exist at least two vertices that there is
no walk between them

Subgraph of a graph: A collection of some edges and vertices of the original
graph

Loop: An edge that starts and ends at the same vertex

122
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SUMMARY POINTs

Terminologies of graphs:

Simple graph: A graph that has no loops and no multiple edges connecting

the same pair of vertices

Multiple graph: A graph that has multiple edges connecting at least one pair

of vertices

Cycle: A path that the starting vertex is the end vertex

Tree: A connected graph with no cycles

Spanning tree: A tree that connects all vertices in the graph

Directed graphs:

1.
2.

Directed graph: A graph that all edges are assigned with directions
In-degree of a vertex: Number of edges connecting and pointing
towards the vertex

Out-degree of a vertex: Number of edges connecting and pointing
away from the vertex

Adjacency matrix M of a graph with n vertices:

1.
2.

nxn: Order of M
The entry m, =1 if there is an edge connecting the vertex i and the

vertex j, and m; =0 if otherwise

M?” shows the number of walks of length p in the graph

p
ZM" shows the number of walks of length less than or equal to p

r=1

in the graph

The column sum of a transition matrix of a directed graph must be
equalto 1

Algorithms of finding minimum spanning trees:

1.
2.

Kruskal's algorithm
Prim’s algorithm

www.seprodstore.com
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SUMMARY POINTs

Eulerian trails and circuits:

1. Trail: A sequence of edges that passes through any edge at most once
Circuit: A trail that the starting vertex is the end vertex
Eulerian trail: A trail that passes through all edges of a graph

2
3
4. Eulerian circuit: A circuit that passes through all edges of a graph
5

An Eulerian trail exists if there exists two and only two vertices of odd
degree

An Eulerian circuit exists if all vertices are of even degree

Chinese postman problem can be used to find the route of minimum
weight that covers all edges of a graph

Hamiltonian paths and cycles:

1. Complete graph: A graph that there exists an edge for any pair of two
vertices
Hamiltonian path: A path that passes through all vertices of a graph
Hamiltonian cycle: A cycle that passes through all vertices of a graph

Travelling Salesman problem:

1. Travelling Salesman problem can be used to find the cycle of minimum
weight that passes through all vertices of a graph
Nearest neighbour algorithm can be used to find the upper bound of
the solution of a travelling salesman problem
Deleted vertex algorithm can be used to find the lower bound of the
solution of a travelling salesman problem

Solutions of Chapter 9
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3 6 Paper 1 - Adjacency Matrices

Consider the following unweighted graph:
A B

D C

(a) Write down the degree of D .
(b) Write down the adjacency matrix M of the graph.

(c) Hence, find the number of walks of length 2 from A to C.

(@ 3 Al
[1]
01 01
b) M= 1 01 1 Ao
0 1 01
1 T 10
[2]
2 1 2 1
, |13 1 2 '
(c) M’ = v 1 9 1 (M1) for valid approach
1 21 3
Thus, the number of walks of length 2 from A to
C is?2. Al
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1. Consider the following unweighted graph:
A B
D C

(a) Write down the degree of B.

[1]
(b)  Write down the adjacency matrix M of the graph.

[2]
(©) Hence, find the number of walks of length 3 from A to itself.

[2]

2. Consider the following unweighted graph:

A B

D C

(a) Write down the degree of B.
(b) Write down the adjacency matrix M of the graph.

(c) Hence, find the total number of walks of length 4 from each vertex to itself.
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3.

Consider the following directed graph:

(a)

(b)
(©)

A B

A

Write down the

(1) in-degree of B ;

(i1) out-degree of B.

Write down the adjacency matrix M of the graph.

Hence, find the total number of walks of length 12 from D to B.

Consider the following directed graph:

(a)

(b)
(©)

A B

[

Write down the
(1) in-degree of A ;
(11) out-degree of D .

Write down the adjacency matrix M of the graph.

Hence, find the total number of walks of length at most 3 from A to E.

www.seprodstore.com
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3 7 Paper 1 - Kruskal’s Algorithm

The following cost adjacency matrix shows the information of a graph with five vertices
A,B,C,Dand E:

Kruskal’s algorithm is used to find the minimum spanning tree for this graph.

(a)
(b)

(©)

(2)
(b)

(©)

A| B | C|D|E
A - [ 30| 26 | 48 | 52
B |30 - [40 | 26 | 22
C |26 40 | - | 24| 32
D | 48 |26 |24 | - | 40
E | 5222|3240 | -

State the edge of the smallest cost.
By using the algorithm, find the minimum spanning tree.

Write down the cost of the minimum spanning tree.

BE

For any two edges correct
For all edges correct

1. Choose BE of cost 22
2. Choose CD of cost 24
3. Choose AC of cost 26
4, Choose BD of cost 26

Thus, the minimum spanning tree is a tree

containing BE, CD, AC and BD.

98
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Exercise 37

1. The following weight adjacency matrix shows the information of a graph with five
vertices A, B, C, D and E:

A| B | C|D]|E

A - 16 | 22 | 40 | 30
B |16 | - 12 | 18 | 24
C |22 12| - |36 32
D | 40 | 18 | 36 | - 12
E

30 (24 | 32 | 12 | -

Kruskal’s algorithm is used to find the minimum spanning tree for this graph.
(a) State the edge(s) of the smallest weight.
(b) By using the algorithm, find the minimum spanning tree.

(c) Write down the weight of the minimum spanning tree.

2. The following cost adjacency matrix shows the information of a graph with seven
vertices A, B, C, D, E, Fand G:

A | B | C|D]|E F G

A - 33| x [ 51|72 36| 54
B |33 ] - | 66|70 |45 ]| 64 | 76
C| x | 66| - | 303980 56
D | 51|70 |30] - | 78| 62|72
E |72 |45 39|78 | - |90 | 30
F |36 |64 |8 | 62]9 | - | 58
G |54 |76 |5 | 72|30 | 58 | -

Kruskal’s algorithm is used to find the minimum spanning tree for this graph. The cost
corresponding to the edge AC is x, where x>30 and x e Z.

(a) State the edge(s) of the smallest cost.
[1]

(b) Write down the maximum possible value of x such that AC is the only sixth
edge to be chosen in this algorithm.

[1]

129
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It is given that x =42.

(c) By using the algorithm, find the minimum spanning tree.

[3]
(d) Write down the cost of the minimum spanning tree.
[1]
3. Consider the following weighted graph:
A 10 B 40 C
40 0 35 30 25
F 15 E 20 D
Kruskal’s algorithm is used to find the minimum spanning tree for this graph.
(a) Write down the adjacency matrix M of the graph.
2]
(b) State the edge of the smallest weight.
[1]
(c) By using the algorithm, find the minimum spanning tree.
[3]

(d) Write down the weight of the minimum spanning tree.
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4.

Consider the following weighted graph:

Kruskal’s algorithm is used to find the minimum spanning tree for this graph.

(a)

(b)
(©)
(d)

A 40 B 60 C
85 30 75 35
H 80 F 50 D
90 65 75

G 35 F

Write down the adjacency matrix M of the subgraph with five vertices D, E, F,

G and H only.
State the edge of the smallest weight.
By using the algorithm, find the minimum spanning tree.

Write down the weight of the minimum spanning tree.

www.seprodstore.com

(2]
(1]
(4]

[1]

131



132

Your Practice Set — Applications and Interpretation for IBDP Mathematics

3 8 Paper 1 - Prim’s Algorithm

The following cost adjacency matrix shows the information of a graph with five vertices
A,B,C,Dand E:

A| B | C|D|E
A - |40 | 27 | 58 | 59
B [ 40 | - |43 | 46 | 28
C |27 43 | - | 44 | 37
D | 58 |46 | 44 | - | 41
E | 59|28 |37 |41 | -

Prim’s algorithm, starting at C, is used to find the minimum spanning tree for this graph.

(2)
(b)
(©)

(a)
(b)

(©)

State the edge of the smallest cost.
By using the algorithm, find the minimum spanning tree.

Write down the cost of the minimum spanning tree.

AC

For any two edges correct
For all edges correct

1. Choose AC of cost 27
2. Choose CE of cost 37
3. Choose BE of cost 28
4. Choose DE of cost 41

Thus, the minimum spanning tree is a tree

containing AC, CE, BE and DE.
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Exercise 38

1.

The following weight adjacency matrix shows the information of a graph with five
vertices A, B, C, D and E:

A| B | C|D]|E

A - |76 | 32 | 43 | 31
B |76 | - 521222
C |32 52| - |31]33
D | 43 | 12 | 31 - 14
E

31 122133 |14 | -

Prim’s algorithm, starting at A, is used to find the minimum spanning tree for this graph.

(a) State the edge of the greatest weight.
[1]

(b) By using the algorithm, find the minimum spanning tree.

[3]

(c) Write down the weight of the minimum spanning tree.

[1]

The following cost adjacency matrix shows the information of a graph with seven
vertices A, B, C, D, E, F and G:

A| B | C|D]|E F G

A - [ 38 (8 |63 |70 26| 51
B |38 | - [ 56|82 | x |44 |73
C |8 |56 | - |42 |30 |40 | 55
D |63 |8 |42] - |70 ] 52| 62
E |70 x 30|70 | - | 60 | 40
F | 26 |44 | 40 | 52 | 60 | - | 28

G |51 |73 ]55]62]|40 |28 | -

Prim’s algorithm, starting at B, is used to find the minimum spanning tree for this graph.
The cost corresponding to the edge BE is x, where x € Z.

(a) Write down the maximum possible value of x such that BE is the first edge to be
chosen in this algorithm.

[1]
It is given that x =29.
(b) By using the algorithm, find the minimum spanning tree.
(c) Write down the cost of the minimum spanning tree.

[1]
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3. Consider the following weighted graph:

A 31 B 59 C
37 47 53 29 19
F 23 E 41 D

Prim’s algorithm, starting at F, is used to find the minimum spanning tree for this graph.
(a) Write down the adjacency matrix M of the graph.
(b) By using the algorithm, find the minimum spanning tree.

(c) Write down the weight of the minimum spanning tree.

4. Consider the following weighted graph:

A 90 B 86 C

G 76 F 80 E

Prim’s algorithm, starting at I, is used to find the minimum spanning tree for this graph.

(a) Write down the adjacency matrix M of the subgraph with five vertices D, F,
G, H and I only.

2]
(b) State the edge of the greatest weight.

[1]

(c) By using the algorithm, find the minimum spanning tree.

[4]

(d) Write down the weight of the minimum spanning tree.

[1]
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3 9 Paper 2 — Chinese Postman Problems

The following table shows the weight of the edges of a graph with six vertices A, B, C,

D, E and F:
A|B|C|D|E|F
Al - |22 - - | 23] 27
B |22] - | 18] 12|20 | -
C - 18] - | 18| - -
D - 12118 - | 15| -
E |23 20| - |15 - 5
F | 27| - - - 5 -
(a) Draw a weighted graph that represents the above table.
[3]
(b) Write down
(1) the degree of A ;
(i1))  the number of vertices of odd degree.
2]
(c) Write down the adjacency matrix M of the graph.
2]
(d) Hence, find the total number of walks of length 2 from E to A .
[2]
(e) Use the Chinese postman algorithm to find a possible route of minimum weight
that passes through all edges, starting and finishing at A .
[3]
3} Write down the corresponding weight of the route.

[1]

www.seprodstore.com
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(a) For correct edges Al
For correct vertices Al
For correct weights Al
[3]
A 22 B 18 C
27 23 20 12 18
F 5 E 15 D
(b) (1) 3 Al
(i) 2 Al
[2]
010 0 1 1
1 01 1 10
© Mo 01 0100 AD
011010
1 1.0 1 01
1 00010
[2]
311 2 21
1 41 2 2 2
, (1121 20
(d) M = ’ 21 3 1 1 (M1) for valid approach
2 221 41
1 201 1 2
Thus, the total number of walks of length 2 from E
to A is 2. Al
[2]
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(e) For any three edges correct Al
For any six edges correct Al

Choose AB of weight 22

Choose BC of weight 18

Choose CD of weight 18

Choose DE of weight 15

Choose EF of weight 5

Choose FA of weight 27

Choose AE of weight 23

Choose EB of weight 20

Choose BD of weight 12

Choose DB of weight 12

11. Choose BA of weight 22

Thus, a possible route contains AB, BC, CD, DE,

WO NN kWD =

_
e

EF, FA, AE, EB, BD, DB and BA. Al
[3]
63) 194 Al
[1]
1. The following table shows the weight of the edges of a graph with six vertices A, B, C,
D, E and F:
A | B C D E F
A | - 205 | - |40 |25
B |20 - | 10| - |50 | -
C|55]10| - |25]40]| -
D | - - |25 - |30 -
E |40 | 50 | 40 | 30| - | 10
F | 25| - - - 10| -

(a) Draw a weighted graph that represents the above table.
[3]
(b) Write down
(1) the degree of E;

(i1))  the number of vertices of odd degree.

(c) Write down the adjacency matrix M of the graph.

137
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2.

(d) Hence, find the total number of walks of length 4 from C to A .
2]
(e) Use the Chinese postman algorithm to find a possible route of minimum weight
that passes through all edges, starting and finishing at E.
[3]
63 Write down the corresponding weight of the route.
[1]
Consider the following weighted graph:
B 58 C
69 49 79
G 57 4 68 D
47 39 35
F 49 E
(a) Write down
(1) the degree of A ;
(i1) the number of vertices of odd degree;
(iii))  the number of vertices of even degree.
[3]
Kruskal’s algorithm is used to find the minimum spanning tree for this graph.
(b) State the edge of the smallest weight.
[1]
(c) By using the algorithm, find the minimum spanning tree.
[3]
(d) Write down the weight of the minimum spanning tree.
[1]
(e) Use the Chinese postman algorithm to find a possible route of minimum weight
that passes through all edges, starting and finishing at F.
[3]
3} Write down the corresponding weight of the route.

[1]
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The following weighted graph shows a network of roads connecting seven cities A, B,
C, D, E, F and G . The weight on each edge shows the time, in minutes, needed to
travel along the road represented by that edge.

28
A 10 B 5 C
"
15 G 20
20
15
F 5 E 15 D

(a) Write down
(1) the degree of D ;
(11) the number of vertices of odd degree;
(iii))  the number of vertices of even degree;

(iv)  the minimum amount of time needed to travel from A to C.

[4]
(b) Use the Chinese postman algorithm to find a possible route of minimum time
required to passes through all roads, starting and finishing at C .
[3]
(c) Write down the corresponding time required of the route.
[1]
Assume that it is not necessary to start and finish at the same point. A car starts its
journey at C.
(d) (1) Write down a finishing point other than C such that the total time
required to passes through all roads attains its minimum.
(i1) Hence, use the Chinese postman algorithm to find a possible route of
minimum time required to passes through all roads.
(iii))  Write down the corresponding time required of the route.
[5]
139
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4. The following weighted graph shows a network of roads connecting nine fountains A, B,
C,D, E, F, G, H and I, in a park. The weight on each edge shows the time, in
seconds, needed to travel along the road represented by that edge.

A 105 B 120 C
90 95 90 90
H 75 Ji 85 D
65 95 60 115 90

(a) Write down
(1) the degree of F;
(i1) the number of vertices of odd degree;
(i11))  the number of vertices of even degree;

(iv)  the minimum amount of time needed to travel from B to H.
[4]
(b) Use the Chinese postman algorithm to find a possible route of minimum time
required to passes through all roads, starting at D and finishing at F.
[3]
(c) Write down the corresponding time required of the route.
[1]
Assume that it is necessary to start and finish at the same point. Peter starts his journey at
D.

(d) (1) Use the Chinese postman algorithm to find a possible route of
minimum time required to passes through all roads.

(11) Write down the corresponding time required of the route.

[4]
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40 Paper 2 - Travelling Salesman Problems

Consider the following weighted graph:

200

105 115

(a) Write down
(1) the degree of B ;
(i1))  the vertices of odd degree.
(b) State the edge of the smallest weight.
(c) Is Eulerian circuit exists in the above graph? Explain your answer.

The following table shows the least weight of a path connecting any two vertices.

A | B | C|D|E F

A - 1 90 1200270 | P |105
B |9 | - (120|190 |100| ¢
C 1200|120 - | 115150225
D |270 | 190 | 115| - | 90 | 165
E | P |100150] 90 | - | 75
F | 105| g9 |225|165| 75 -

(d) Write down the value of

(1 D

i)  q.

www.seprodstore.com
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(e) Using the nearest neighbour algorithm, starting and finishing at F, find an upper
bound of the total weight of a cycle that passes through all six vertices.
[3]
63) Using the deleted vertex algorithm by deleting the vertex F, find a lower bound
of the total weight of a cycle that passes through all six vertices.

[4]

@ @O 4 Al
(i) A,F Al
[2]
(b) EF Al
[1]
(c) Eulerian circuit does not exist. Al
As not all vertices are of even degree. Al
2]
(d @ 180 Al
(i1) 140 Al
2]
(e) For any three edges correct Al
For all edges correct Al
1. Choose FE of weight 75
2. Choose ED of weight 90
3. Choose DC of weight 115
4. Choose CB of weight 120
5. Choose BA of weight 90
6. Choose AF of weight 105
Thus, the required upper bound is 595. Al
[3]
€3} For any two edges correct Al
For all edges correct Al

1. Choose AB of weight 90

2. Choose DE of weight 90

3. Choose BE of weight 100

4. Choose CD of weight 115

Therefore, the weight of a minimum spanning tree

after deleting the vertex F is 395. Al
The required lower bound

=395+75+105

=575 Al
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Exercise 40

1.

Consider the following weighted graph:
A 41 B 53 C

29 31 37 23 47

F 37 E 59 D

(a) Write down
(1) the degree of E;

(i1))  the vertices of odd degree.

(2]
(b) State the edge of the smallest weight.
(1]
(c) Is Eulerian trail exists in the above graph? Explain your answer.
(2]
The following table shows the least weight of a path connecting any two vertices.
A|B|C|D]J|E|F
A - | 41 | 94 | 64 | 31 | 29
B |41 | - |53 |23 37| P
C |94 53| - |47 g9 |123
D | 64|23 |47 | - | 59| 96
E |31 (37| 49 |5 | - |37
F | 29| p |123] 96 | 37 | -
(d) Write down the value of
®  p;
(i1) q.
(2]

(e) Using the nearest neighbour algorithm, starting and finishing at B, find an upper
bound of the total weight of a cycle that passes through all six vertices.
(3]
63) Using the deleted vertex algorithm by deleting the vertex B, find a lower bound
of the total weight of a cycle that passes through all six vertices.

(4]

www.seprodstore.com
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2. Consider the following weighted graph:
45

(a) Is Eulerian trail exists in the above graph? Explain your answer.

(b) Write down the adjacency matrix M of the graph.

(c) Hence, find the total number of walks of length 3 from C to A.
Kruskal’s algorithm is used to find the minimum spanning tree for this graph.
(d) By using the algorithm, find the minimum spanning tree.

(e) Write down the weight of the minimum spanning tree.

The following table shows the least weight of a path connecting any two vertices.

A | B C | D | E F

A - | 35145 |75 | 40 | 80
B |35 ] - | 45|75 | 50 |105
C |45 (45| - |30 |75 (130
D |[75|75|30 | - |50 ] 75
E |40 | 50 | 75 | 50 | - | 55
F | 80 | 105|130 | 75 | 55 | -

63) Using the nearest neighbour algorithm, starting and finishing at D , find an upper
bound of the total weight of a cycle that passes through all six vertices.

[3]
(2) Using the deleted vertex algorithm by deleting the vertex D, find a lower bound
of the total weight of a cycle that passes through all six vertices.

[4]
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3.

Consider the following weighted graph:

A 10 B 11 C
17 28 21 15
F 13 E 12 D
(a) Write down
(1) the number of vertices of odd degree;

(i1) the number of vertices of even degree.
2]
(b) Use the Chinese postman algorithm to find a possible route of minimum weight
that passes through all edges, starting and finishing at C.
[3]
(c) Write down the corresponding weight of the route.
[1]

The following table shows the least weight of a path connecting any two vertices.

A | B | C|D|E F

A - 10 | 21 | 36 | 30 | 17
B | 10| - 11 | 26 | 44 | 27
C |21 ]| 11 - 15 | 27 | 46
D |36 |26 | 15| - 12 | 25
E |30 |44 | 27| 12| - 13
F | 17 |27 |46 | 25 | 13 -

(d) Using the nearest neighbour algorithm, starting and finishing at A , find an upper
bound of the total weight of a cycle that passes through all six vertices.
[3]
(e) Using the deleted vertex algorithm by deleting the vertex A, find a lower bound
of the total weight of a cycle that passes through all six vertices.

[4]
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4. Consider the following weighted graph:
B 131 C

80 103 93
G 61 A 87 D
99 83 72

F 97 E
(a) Is Eulerian circuit exists in the above graph? Explain your answer.
2]
Prim’s algorithm, starting at A, is used to find the minimum spanning tree for this graph.
(b) State the edge of the least weight.
(c) By using the algorithm, find the minimum spanning tree.

(d) Write down the weight of the minimum spanning tree.

The following table shows the least weight of a path connecting any two vertices.

A | B C | D | E F G

A - | 80 | 180 | 87 | 72 | 160 | 61
B | 80 | - |131]|103 1521240 | 141
C | 180|131 | - | 93 | 252340241
D | 87 | 103 ] 93 - | 1591247 | 148
E | 72 | 152252159 | - | 97 | &3
F | 160 (240|340 247 | 97 | - | 99
G | 61 | 141 (241|148 | 83 | 99 | -

(e) Using the nearest neighbour algorithm, starting and finishing at D, find an upper
bound of the total weight of a cycle that passes through all seven vertices.

[3]
63) Using the deleted vertex algorithm by deleting the vertex D, find a lower bound
of the total weight of a cycle that passes through all seven vertices.

[4]
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Chapter

10

Differentiation

SUMMARY POINTs

v Derivatives of a function y = f(x):

d_yj = f"(x): Second derivative 10

dx

2. jx—i} = f"(x): n-th derivative

v Rules of differentiation:
S()=sinx= f'(x)=cosx | f(x)=p(q(x)= f"(x)=p'(q(x) q'(x)
f(x)=cosx = f'(x) =—sinx £ = p()g(x)

() =tanx= f(x)= coiz - = ['(x) = p'(0)q(x) + p(x)q'(x)

f@=¢' = f)=¢ PR

q(x)

f@ == ()= L )= PO P )
(4(x)

147
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148

SUMMARY POINTs

f"(a)=0 and f"(x) changes sign at x=a: (a, f(a)) is a point of inflexion of
S/ (x)

i : Rate of change of N with respect to the time ¢
t

dN dx
dx

Tests for optimization:
1. First derivative test

2. Second derivative test

Applications in kinematics:
s(¢): Displacement with respect to the time ¢
v(t) =s'(¢): Velocity

a(t) =V'(¢) : Acceleration

Solutions of Chapter 10
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41 Paper 1 - Gradients of Tangents and Normals

Let f(x)=¢"sinx.

(2)

(b)

(a)

(b)

Find f(x).

(@)

(i)

Find the gradient of the tangent to the curve of f at x= % .

Hence, find the gradient of the normal to the curve of f at x zg .

f'(x)=(e")(sin x)+ (e")(cos x)

f'(x)=e"(sin x +cos x)

(@)

(i)

The gradient of the tangent

,7Z'
_f(zJ
.o T
=e SINn —+ COS —
s veos])

=4.810477381
=431

The gradient of the normal
-1
"
)
3 -1
4.810477381

=-0.2078795764
=-0.208

www.seprodstore.com

(M1) for product rule
Al

10

(M1) for substitution

Al

(M1) for valid approach

Al
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Exercise 41

1.

150

Let f(x)=3xcosx.

(@)  Find f'(x).

. . : 3
(b) (1) Find the gradient of the tangent to the curve of f at x = 77[ )

(11) Hence, find the gradient of the normal to the curve of f at x= 77[ .

Let f(x)=e".

(a) Find f'(x).

(b) (1) Find the gradient of the tangent to the curve of f at x=0.1.

(1))  Hence, find the gradient of the normal to the curve of f at x=0.1.

Let f(x)=cos(x).

(a) Find f'(x).
The gradient of the tangent to the curve of f at x=a is —2a, where 1<a <2.

(b)  Find a.

Let g(x)=x"Inx.
(a) Find g'(x).
The gradient of the tangent to the curve of g at x=a is «/E ,a>0.

(b)  Find a.

SE Production Limited
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42 Paper 1 - Equations of Tangents and Normals

Let f(x)=2e".

(2)

(b)

(a)

(b)

Find f(x).

(@)

(i)

2]

Find the gradient of the tangent to the curve of f at (0, 2).

Hence, find the equation of the tangent to the curve of f at (0, 2), giving

the answer in the form y=ax+5b.

S(x)=2(e")-1)
fl(x)=-2¢

)

(i)

The gradient of the tangent
=/"(0)

=—2¢”

=2

The equation of the tangent:
y==2x+b

2=-"20)+b
b=2
Sy=—2x+2

www.seprodstore.com
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(M1) for chain rule
Al

10

(M1) for substitution
Al

(M1) for setting equation
(M1) for substitution

Al
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Let f(x)=sin3x.

(a) Find f'(x).

(2]
(b) (1) Find the gradient of the tangent to the curve of f at (7,0).

(il))  Hence, find the equation of the tangent to the curve of f at (r,0), giving

the answer in the form y =ax+5 and in terms of .

[5]

Let f(x)=Inx’.

(a) Find f'(x).
[2]
(b) (1) Find the gradient of the tangent to the curve of f at (1,0).

(i1) Hence, write down the gradient of the normal to the curve of f at (1,0).

(iii)  Find the equation of the normal to the curve of f at (1,0), giving the

answer in the form y=ax+5b.

Let f(x)=¢".

(a) Find f'(x).
(2]
(b) Hence, write down the gradient of the tangent to the curve of f at (k,e™),

giving the answer in terms of & .
[1]
It is given that the equation of the tangent to the curve of 1 at (k, ™), where 0<k <10,

is 3x—%y—2:O.
e

(c) Find the value of k.
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Let f(x)=Inx.

(a)  Find f'(x).

2]
(b) Hence, write down the gradient of the tangent to the curve of f at (2,1n \/5 ).
[1]
It is given that the equation of the normal to the curve of f at (2, In \E ) is
y=mx+ (lnﬁ —2m), where m is a constant.
(c) Find the exact value of the y -intercept of the normal to the curve of f at
(2,In+2).
[3]
10
153
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4 3 Paper 1 - Second Derivative Test

Let f(x)=x +6x" —15x.

(a) Find f'(x).

(b) Hence, solve the equation f’'(x)=0.

(2]
(c) (1) Write down f"(x).
(il))  Hence, determine the x -coordinate of the local maximum of f .
(iii))  Write down the y -coordinate of the local maximum of f".
[4]
(a) f(x) =3x" +6(2x) —15(1) (A1) for correct approach
f(x)=3x>+12x-15 Al
2]
b))  f(x)=0
3x* +12x-15=0
3(x+5)(x—-1)=0 (A1) for factorization
x=-5or x=1 Al
(2]
(c) (1) f"(x)=6x+12 Al
(i1) f"(=5)=6(-5)+12
f"(-5)=-18<0 R1
Therefore, f attains its local maximum at
x=-5.
Thus, the x -coordinate of the local
maximum of f is —5. Al
(i) 100 Al
[4]
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1. Let f(x)=1+9x+3x" —x".
(a) Find f'(x).
(b) Hence, solve the equation f’'(x)=0.
(c) (1) Write down f"(x).
(i1) Hence, determine the x -coordinate of the local minimum of 1.

(iii))  Write down the y -coordinate of the local minimum of f.

1,
2. Let f(x)=e? .

(a) Find f'(x).
(b) Hence, solve the equation f'(x)=0.

1>

It is given that £"(x)=(x*~1)e 2 .
(c) (1) Show that the x -coordinate of the local maximum of f is 0.

(i1) Hence, write down the y -coordinate of the local maximum of f .

www.seprodstore.com
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3.

4x
=

Let f(x)= orD)

(a) Find f'(x).

(b) Hence, solve the equation f’(x)=0.

o " 8(x—2)
It is given that X)=——,.
g J'(x) ot D)
(c) (1) Show that the x -coordinate of the local maximum of f is 1.

(i1) Hence, write down the y -coordinate of the local maximum of f .

Let f(x)=sin(2x—§]—3 for —%Sxﬁz?ﬂ.

(a) Find f'(x).
(b) Hence, solve the equation f'(x)=0.
(¢) 1) Write down f"(x).
(i1) Hence, determine the x -coordinate of the local minimum of f .

(ii1))  Write down the y -coordinate of the local minimum of f.

SE Production Limited
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44 Paper 1 - Rate of Change

The number of bacteria, 7, in a dish, after ¢ minutes is given by n=1200e""" .

(a)

(b)

(©)

(a)

(b)

(©)

Find the value of » when ¢ =0.

dn
i Find —.
(1) py

(i)

Find the least value of &k, where ke Z.

n(0) =1200e>
n(0) =1200

. dn _ 0.08¢
(1) E =1200(e™™)(0.08)

dn

sk 966040&
dt

i) 9| Z654.81201 min”!

t t=24

=655 min™"'

t=k

96e"*** > 2000

96e"*** —2000>0

By considering the graph of y =96¢e""* —2000,

k >37.956928 .
Thus, the least value of & is 38.

www.seprodstore.com

[2]

Hence, write down the rate at which 7 is increasing when ¢ =24.

[3]

After & minutes, the rate of increase in n is greater than 2000 bacteria per minute.

[3]

(M1) for substitution

Al
(2]
(M1) for chain rule
Al
Al
[3]

(M1) for setting inequality
(M1) for valid approach

Al
[3]

10
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Exercise 44

1.

The number of insects, n, after ¢+ months is given by n =300e"* .

(a) Find the value of » when ¢ =0.

2]
(b) (1) Find @
de
(i)  Hence, write down the rate at which # is increasing when ¢ =6.
[3]

(c) After k£ months, the rate of increase in » is greater than 1000 insects per month.
Find the least value of &k, where ke Z.

[3]
The volume of an object, ¥ cm’, ¢ seconds after the start of an experiment is given by
V =+100—# , for 0<¢<10.
(a) Find the value of V' when ¢ =8.
[2]
(b) (1) Find d—V
dt
(i1))  Hence, write down the rate at which V' is decreasing when ¢ =6.
[3]
(©) Within & seconds after the start of the experiment, the rate of decrease in V' is
smaller than 0.9 cm’s™" . Find the greatest value of k , where k € Z.
[3]
The population of sheep in a farm, p, ¢ months after 1 January 2019 is given by
p =250sin(2¢+3.9)+750.
(a) Find the number of sheep in the farm on 1 June 2019.
[3]
. . dp
b Find —.
(b) 4
[2]

After n days, where n € Z, the rate of increase in p is equal to 0 per month for the first

time.

(c) Find the value of 7.
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The population of wolf in a forest, w, t months after 1 April 2008 is given by
w=145co0s(0.5t —5.2)+1020.

(a) Find the number of wolves in the forest on 1 May 2009, correct the answer to the
nearest integer.

[3]

()  Find &
dt

2]
Assume that there are 30 days per month. After n days, where n € Z, the rate of increase
in w attains its maximum for the first time.

(©) Find the value of n.

10
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4 5 Paper 1 - Problems in Kinematics

The displacement, in centimetres, of a particle from an origin, O, at time ¢ seconds, is
given by s(t)=¢sint, 0<¢<3.

(a) Find the maximum distance of the particle from O.

2]
(b) (1) Find s'(¢) .
(i1) Find the time when the particle first changes direction.
(ii1))  Hence, write down the acceleration of the particle at the instant it first
changes direction.
[5]
(a) By considering the graph of y =¢sin¢, (M1) for valid approach
the maximum distance
=9.3794925 cm
=9.38cm Al
(2]
® @) s'(1) = (3°)(sint) + (¢’ )(cost) (M1) for product rule
s'(t) =3¢ sint +¢ cost Al
(i) By considering the graph of
y=3¢’sint+1 cost, the particle first
changes direction at 2.4556439 s. (M1) for valid approach
Thus, the required time is 2.46 s. Al
(iii)  5"(2.4556439)=-28.04457 cms ™
5"(2.4556439) = —28.0 cms ™ Al
[5]
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The displacement, in centimetres, of a particle from an origin, O, at time ¢ seconds, is
given by s(t)=1"cost, 0<¢<2.5.

(a) Find the maximum distance of the particle from O.

[2]
(b) (1) Find s'(2) .
(i1) Find the time when the particle first changes direction.
(iii))  Hence, write down the acceleration of the particle at the instant it first
changes direction.
[5]
The displacement, in centimetres, of a particle from an origin, O, at time ¢ seconds, is
given by s(t) =4tcost, 0<¢r<2.25.
(a) Find the maximum distance of the particle from O.
[2]
(b) (1) Find the time when the particle first goes back to O.
(i)  Find s'(¢).
(ii1))  Hence, write down the acceleration of the particle at the instant it first
goes back to O.
[5]
The displacement, in centimetres, of a particle from an origin, O, at time ¢ seconds, is
given by s(z)=t+sin(e'), 0<r<2.8.
(a) Find v(¢), the velocity of the particle at time ¢ seconds.
[3]

(b) (1) Find the time when the particle changes direction for the 4th time.

(11) Hence, write down the acceleration of the particle at the instant it changes
direction for the 4th time.

[3]
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4. The displacement, in centimetres, of a particle from an origin, O, at time ¢ seconds, is
given by s(t)=¢€'sint, 0<¢<9.5.

(a) Find the amount of time between the particle changes direction for the 1st time
and the 3rd time.

[3]
(b) (1) Find the time when the particle is at the maximum distance from O.

(i)  Find s'(¢).

(iii))  Hence, write down the acceleration of the particle at the instant when it is
at the maximum distance from O.

[5]
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46 Paper 2 - Optimization Problems

The following diagram shows a quarter of a circle with centre O and radius 2. Let P be a
point on the circumference and Q be a point on the x -axis such that PQ and OQ are

perpendicular, with Pf)Q = 0 radians, where 0< 0 < % Let S be the area of the shaded

segment.
» X
(a) Find the area of the triangle OPQ in terms of 8.
(3]
(b) Express S in terms of 7 and 6.
(2]
ds
c i Find —.
) @ 10
ds
i Solve the equation — =0.
(i) q 10
2
It is given that —— =8sinfcos 6.
0
(iii)  Hence, find the value of & when S is at a local minimum, justifying that
it is a minimum.
(iv)  Using (b) and (c)(iii) to find the minimum value of §'.
[8]
(d) Write down the two values of & for which S has its greatest value.

(2]

www.seprodstore.com
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(a)

(b)

(©)

(d)

The area of the triangle OPQ

1
=3 (OQ)(PQ)

1 .
= 5 (2cosB)(2sin )
=2sinfcosl

1 ) .

S = Zﬂ(2) —2sinfcosl
S=m—2sinfcosl

ds

(1) — =0-2((cos @)(cos @) + (sin &)(—sin B))

do
ds

— =-2cos’H+2sin’ O

oS _

=0
do

(i)

-.—2cos’ 6+2sin’ 0 =0
By considering the graph of
y=-2cos’ @+2sin’ 8, 6=0.7853981634.

..0=0.785rad

d’s
deo’

6=0.7853981634

(iii)

= 8(sin 0.7853981634)(cos 0.7853981634)

=4>0

Thus, S attains its minimum at

0=0.785rad.

(iv)  The minimum value of S
(sin 0.7853981634
=r-2

-c0s0.7853981634

=2.141592654
=2.14

0=0,0="
2

SE Production Limited

(M1) for valid approach

(M1) for substitution

Al

(M1) for valid approach

Al
(2]

(M1) for product rule

Al

(M1) for valid approach
Al

R1

Al

(M1) for substitution

Al

A2
[2]



Exercise 46

1.

The following diagram shows a semicircle with centre O, diameter AB and radius 4. Let

C be a point on the circumference with BOC =6 radians, where 0<6<7.Let P be
the area of the triangle ABC.

A

(a (i)  Write down the value of AOC .

(11) Hence, by using sin(z —68) =sin@, express P in terms of 6.

dpP
b 1 Write d —.
(b) (1) rite down 10

dpP
(i1) Solve the equation @ =0.

(ii1))  Hence, find the value of & when P is at a local maximum, justifying that
it is a maximum.

10

(iv)  Using (a)(ii) and (b)(iii) to find the maximum value of P.
[8]

(c) Write down the two values of € for which P has its least value.

165
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2. The following diagram shows a circle with centre O, diameter AB and radius 10. Let C

. . . A . T . .
be a point on the circumference with BOC =@ radians, where 0 <6 < 5 D is a point on

the x -axis such that CD and OD are perpendicular. A rectangle is inscribed in the circle.
Let P be the total area of the shaded regions.

(a)

(b)

(©)

y

(1) Express CD and OD in terms of 4.
(i1) Express the area of the inscribed rectangle in terms of 6.

(ii1))  Hence, express P in terms of 7 and 6.

[6]
. ., dP
(1) Find TR

dpP
(i1) Solve the equation 10 =0.

2

P =1600sin@cos @ .

92

It is given that

(iii)  Hence, find the value of & when P is at a local minimum, justifying that
it is a minimum.

(iv)  Using (a) and (b)(iii) to find the minimum value of P.
(8]
Write down the two values of € for which P has its greatest value.

(2]
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The temperature Q of a substance at time ¢ is given by O(f) =¢" —12¢* +36¢, where
t>0.

(a) Find the 7 -intercepts of Q.
(b) (1) Find Q'(¢).
(i)  Solve the equation Q'(t)=0.

(ii1))  Hence, find the value of & when Q is at a local maximum, justifying that

it is a maximum.

(iv)  Write down the maximum value of Q.

[8]
Let R(r)=0()—20.
(c) (1) Find the minimum value of R.

(11) Write down the corresponding value(s) of 7.

[3]
The price P of a share at time ¢ is given by P(t)=—t +9¢° —24¢+720, where
0<r<12.
(a) Find the 7 -intercept of P.

2]

. o 10

(b) (1) Find P'(z).

(i)  Solve the equation P'(#)=0.

(iii))  Hence, find the value of & when P is at a local minimum, justifying that
it is a minimum.

(iv)  Write down the minimum value of P.

[8]
It is given that P(0) =720.
(c) (1) Write down P(4).
(i1) Hence, write down the maximum value of P.
2]
Let O(r)=P(-3).
(d) Find the corresponding value of # when Q attains its maximum.
[2]
167
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Chapter

11

Integration and
Trapezoidal Rule

SUMMARY POINTs

v Rules of integration:

Isinxdxz—cosx+C J.e'”dxzex+C

Icosxdxzsinx+C J'ldx=lnx+C
X

_[ 12 dx=tanx+C Integration by substitution
COS™ X

[[rde=[£] = 1)~ f(a)

v Areas on x -y plane, between x=a and x=b:
1. .fb|f(x)|dx: Area between the graph of f(x) and the x -axis
2. Ib|f(x)—g(x)|dx: Area between the graph of f(x) and the graph of

g(x)
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SUMMARY POINTSs 11

Areas on x -y plane, between y=c and y=d:

1. J‘fl|g(y)|dy: Area between the graph of g(y) and the y -axis

2. Id|g(y)—f(y)|dy: Area between the graph of g(y) and the graph of
S

Volumes of revolutions about the x -axis, between x=a and x=5:

1. V= 7Z'J:) (f(x))’dx: Volume of revolution when the region between the
graph of f(x) and the x-axis is rotated 360" about the x -axis

2. V= 7Z'J.: ((f(x))* = (g(x))*)dx : Volume of revolution when the region

between the graphs of f(x) and g(x) is rotated 360" about the x -axis

Volumes of revolutions about the y -axis, between y=c and y=4d:

1. V= ﬁ.[d (g(»))*dy : Volume of revolution when the region between the
graph of g(y) and the y -axis is rotated 360" about the y -axis

2. V= ﬂf (g(»)’ = (f(»)*)dy: Volume of revolution when the region

between the graphs of g(y) and f(y) is rotated 360" about the y -axis

Applications in kinematics:
1. a(t): Acceleration with respect to the time ¢

2. v(t) = Ia(t)dt: Velocity
3. s(t)= _[v(t)dt: Displacement

4. d= j

v(t)|dt : Total distance travelled between 7 and ¢,

Solutions of Chapter 11

169
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4 7 Paper 1 - Finding Original Functions

Let f'(x)=

(a)

(b)

_ 4
Qx*+1)°

Express f(x) as an indefinite integral of x.

Using the substitution z =2x” +1 to integrate the integral in (a), giving the

answer in terms of x.

It is given that f(0) = —g.

(©)

(a)

(b)

(©)

Find the expression of f(x).

4x

=|——dx
=] 2x +1)°
Let u=2x"+1.

d—u:4x:>du:4xdx
dx

o f(x)= juiédu

f(x):isu_5 +C

f@=s

6 1

C=-1

RS P

— 4 C
502x° +1)°

~enr s tC
5 52000 +1)

— 1
502x° +1)°

SE Production Limited

[3]

Al

Al

(A1) for substitution

Al

(M1) for substitution

Al



Exercise 47

1.

Let f”(x)=cos’ 2xsin2x.
(a) Express f(x) as an indefinite integral of x.

(b) Using the substitution u =cos2x to integrate the integral in (a), giving the
answer in terms of x.

It is given that f(%) =3.

(c) Find the expression of f(x).

Let f(x)=2xsin(x’).
(a) Express f(x) as an indefinite integral of x .

(b) Using the substitution # = x” to integrate the integral in (a), giving the
answer in terms of x.

It is given that f(0)=-1.

(c) Find the expression of f(x).

Let f'(x)=3x"(x’+1)°.

(a) Express f(x) as an indefinite integral of x.

[1]

[1]

(b) Using a suitable substitution to integrate the integral in (a), giving the answer in

terms of x.
It is given that f(-1)=2.

(c) Find the expression of f(x).

www.seprodstore.com
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4. Let f'(x)=4x’¢"
(a) Using a suitable substitution to integrate f'(x), giving the answer in terms of x .
[5]
It is given that f(2)=¢'"—1.

(b) Find the expression of f(x).
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48 Paper 1 - Graphs in Kinematics

The velocity of a particle in ms™' is given by v=e" —1, for 0<7<4.

(a)

(b)

(a)

On the grid below, sketch the graph of v.

Find the total distance travelled by the particle in the first four seconds.

For approximately correct shape Al
For approximately correct x -intercept between 1
and 2 Al
For approximately correct endpoints and minimum
point Al

"

A

2

N

www.seprodstore.com
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(b) The total distance travelled

= I04|v(t)| dt (M1) for valid approach
- j: e —1ldr (A1) for substitution
=2.732255679
=2.73m Al
[3]
1. The velocity of a particle in ms™ is given by v=1In(z+0.3), for 0<¢<5.
(a) On the grid below, sketch the graph of v.
[3]
5
y N
2
> 1
O 5
-2
(b) Find the total distance travelled by the particle in the first five seconds.
[3]
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2.

The acceleration of a particle in ms™ is given by a=—(t—2)’ +1.9, for 0<r<4. The

11

particle is at rest when ¢ =0.

(a) On the grid below, sketch the graph of a.

[3]
a
A
2
>/
0] 5
-3
(b) Find v(4)—v(0), where v is the velocity of the particle.
[3]
The acceleration of a particle in ms™ is given by a(t) = 22t E for 0<¢<6. The particle
tr+

1s at rest when 1 =0.

(a) Using the substitution « =¢* +1 to find the expression of v(¢), the velocity of the
particle, giving the answer in the form f(¢)+C.

[4]
(b) By finding C, find the expression of v(z).
[2]
(c) On the grid below, sketch the graph of v(¢).
[2]
4
>/
(0] 6
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4. The velocity of a particle in ms™' is given by w(¢) =2¢cos(¢*), for 0<z<3. The

displacement of the particle is 1 m when ¢=0.

(a) Using the substitution « =sin(¢*) to find the expression of s(¢), the displacement

of the particle, giving the answer in the form f(z)+C.

[3]
(b) By finding C, find the expression of s(z).
[2]
(c) On the grid below, sketch the graph of s.
[3]
S
A
3
>/
0 3
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49 Paper 1 - Area Under a Curve

Consider the graph of f(x)=2sin2x—1, where O0<x <.

(a) Find the x -intercept(s) of f(x) in O<x<r.

2]
(b) Hence, find the area of the region enclosed by the graph of f and the x -axis.

(a) By considering the graph of y=2sin2x-1,
x=0.2617994 or x =1.3089969 . (M1) for valid approach
Thus, the x -intercepts are 0.262 and 1.31. Al

[2]

(b) The area of the region

1.3089969

ol N |2sin 2x -1 dx (A1) for correct approach
=0.6848532654
=0.685 Al
2]
1. Consider the graph of f(x) =—coszx, where 0<x<2.

(a) Find the x -intercept(s) of f(x) in 0<x<2.

[2]
(b) Hence, find the area of the region enclosed by the graph of f and the x -axis.

2]

2. Consider the graph of f(y)=€""' —1, where 0< y<2.

(a) Find the y -intercept(s) of f(y) in 0<y<2.
2]
(b) Hence, find the area of the region enclosed by the graph of f and the coordinate

axces.

2]

www.seprodstore.com
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3. Consider the graph of f(y) =3¢ o2,

(a) Find the y -intercept(s) of f(y).

2]
(b) Hence, find the area of the region enclosed by the graph of f and the y -axis.

[2]
4. Consider the graph of f(v) = y3 —21y2 +138y—280.
(a) Find the y -intercept(s) of f ().

[3]
(b)  Hence, find the total area of the regions enclosed by the graph of f and the

y -axis.

SE Production Limited



5 0 Paper 1 - Volumes of Revolutions

R 1is defined to be the region bounded by the curve y =

and the lines x = l ,

. T 3

sin—x
2

x =1 and the x -axis.

(a) Find the area of R.

R 1is rotated through 27 radians about the x -axis to form a solid.

(b) Find the volume of the solid generated.

(a) The area of R

- I 11 lﬂ dx (A1) for correct approach

3lsin—x

2
=0.8384014366
=0.838 Al
2]
(b) The volume of the solid
2

= 1] s ! dx (A1) for correct approach

5 sinTx
=3.464101615
=3.46 Al
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1.

T
COS| X ——
( 2j

R is defined to be the region bounded by the curve y = ——————=> and the lines
. T
sin (x - j

x=2—7r, x=5—ﬂ and the x -axis.
3 6

(a) Find the area of R.
R 1is rotated through 27 radians about the x -axis to form a solid.

(b) Find the volume of the solid generated.

[2]

R is defined to be the region bounded by the curve x = ze™ and the lines y =0.75, the

x -axis and the y -axis.

(a) Find the area of R.

R 1is rotated through 27 radians about the y -axis to form a solid.

(b) Find the volume of the solid generated.

2 2
R is defined to be the region bounded by the curve % + yj =1.

2 2

(a) Write down the x -intercepts of the curve ry + y? =1.

2 2

(b)  Make »* the subject of % + y? -1,

A rugby model is formed by rotating the region R through 27 about the x -axis.

(c) Find the volume of the rugby model.

SE Production Limited

[2]



4.

R is defined to be the region bounded by the curve 2x+ y—6=0 and the lines y=4,

the x -axis and the y -axis

(a) Make x the subject of 2x+y—-6=0.

[1]
(b) Find the area of R.

[2]

A conical frustum is formed by rotating the region R through 27 about the y -axis.

(c) Find the volume of the conical frustum.

2]

www.seprodstore.com
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5 1 Paper 1 - Composite Figures and Objects

The region R is enclosed by the x -axis , the graph of y = %x —% and the graph of

y=§x2—27r7x+30. The domain ofy=§x2—27r7x+30 is {x:x<9}.

(a) Write down the x -intercept of

i =Zx-=;
()y42

(b) Write down the coordinates of the point of intersection of the graph of

3 3 3 27
== x—= and the graph of y==x*-=-x+30.
Y 4 2 e d 8 4

(c) Hence, find the area of R .

@ (G 2 Al
(i) 8 Al
(b)  (6,3) A2

(c) The area of R

:r Ex_i dx+J.8 §x2_2x+30 dx (A2) for correct approach
2\4 2 4

6\ 8

=8.5 Al
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Exercise 51

1.

The region R is enclosed by the x -axis , the graph of y =e>* —1 and the graph of

y=e"+2—x.
(a) Write down the x -intercept of
(i  y=er-1
(i)  y=e®+2—x, giving the answer in terms of e.

(b)  Write down the x -coordinate of the point of intersection of the graph of

y=¢*—1 and the graph of y=e®+2—x.

(©) Hence, find the area of R.

The region R is enclosed by the x -axis , the graph of y =2Inx and the graph of

y=8—ix.

2
e
(a) Write down the x -intercept of

(1) y=2Inx;
. 4 . .
(i1) y=8— = x, giving the answer in terms of e.

(b) Write down the x -coordinate of the point of intersection of the graph of

y=2Inx and the graph of y=8—i2x,
e

(c) Hence, find the volume of the solid of revolution formed when R is rotated
through 27 about the x -axis.

www.seprodstore.com
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[1]

[3]
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3. The region R is enclosed by the y -axis, the graph of x =3y —3 and the graph of

x=-3+In

(a)

(b)

(©)

I+y

Write down the y -intercept of

(1) x=3y-3;

(i1) x=-3+In
I+y

Write down the y -coordinate of the point of intersection of the graph of

I+y

x =3y -3 and the graph of x=-3+1In

Hence, find the area of R .

1
4. The region R is enclosed by the y -axis , the graph of y = Ex +1 and the graph of

1 :
x=4- y—3.Therangeofy=Ex+1 is {y:y<3}.

(a)

(b)

(©)

(d)

Write down the y -intercept of

1
i =—x+1;
o vy 5

(i1) x=4—-y-3.
[2]

1
Make x the subject of y = Ex+1.

Write down the y -coordinate of the point of intersection of the graph of

1
y=5x+l and the graph of x=4—,/y-3.

Hence, find the volume of the solid of revolution formed when R is rotated
through 27 about the y -axis.

[3]
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52 Paper 2 — More about Areas

Let f(x)=x". The following diagram shows part of the graph of 1 .
y

A

0 ' oN

The point P(a, f(a)), where a >0, lies on the graph of /. The normal at P crosses the
x -axis at the point Q(b, 0).

It is given that the gradient of [PQ] is —%.

(a) (1) Find f'(a).
(i1) Hence, find a.
(i)  Find b.
(iv)  Find the equation of [PQ] in the form y=mx+c.

[9]
(b) Find the area between the graph of £, the normal at P and the x -axis.

185
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(a)

(b)

Q) f’(a)x—% -1
fi@)=3

() f(x)=3x

i

1-b 3
3=1-b
b=4

(iv)  The equation of [PQ]:

y=—lx+c
3
0:—1(4)+c
3
c=—
3
el
3 3

The required area

o (4-1)(1-0)
= [, Oode+ =2

:I1x3dx+w
0 2

SE Production Limited

(M1) for valid approach
Al

(A1) for correct approach

(M1) for setting equation

Al

(M1) for setting equation

Al

(M1) for substitution

Al

[9]

MI1A1
(A1) for correct approach

Al



1

1. Let f(x)=x2. The following diagram shows part of the graph of 1.

n
>

The point P(a, f(a)), where a >0, lies on the graph of /. The normal at P crosses the

x -axis at the point Q(b, 0).
It is given that the gradient of [PQ] is —4.
(a) (1) Find f'(a).

(i1))  Hence, find a.

(1) Find b.

(iv)  Find the equation of [PQ] in the form y=mx+c.

(b) Find the area between the graph of /', the normal at P and the x -axis.

2. Let f(x)=x". The following diagram shows part of the graph of f .

0 /0

www.seprodstore.com
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The point P(a, f(a)), where a >0, lies on the graph of /. The tangent at P crosses the
x -axis at the point Q(1, 0).

(a) (1) Find two different expressions of f'(a).
(i1) Hence, find a.
(ii1))  Find the equation of [PQ] in the form y=mx+c.

(b) Find the area between the graph of £, the tangent at P and the x -axis.
[4]

1

Let f(x)=x2. The following diagram shows part of the graph of 1.

»
»

~ B o) >

The point A(#4, f(h)), where />0, lies on the graph of /. The tangent at A crosses the
x -axis at the point B(b, 0).

(a) Express f'(h) in terms of 4.

[2]
It is given that the gradient of the tangent at A is é .
(b) (1) Find 4.
(i1) Hence, find the equation of [AB] in the form y =mx+c.
(i)  Find b.
[6]
(c) Find the area between the graph of £, the tangent at A and the x -axis.
[4]

SE Production Limited



4.

Let f(x)=x". The following diagram shows part of the graph of f .

The point A(#4, f(h)), where h <0, lies on the graph of /. The normal at A crosses the
x -axis at the point B(b, 0).

(a) Express f'(h) in terms of 4.

2]
It is given that the gradient of the tangent at A is % .
(b) (1) Find 4.
(11) Write down the gradient of the normal at A .
(ii1))  Hence, find the equation of [AB] in the form y=mx+c.
(iv)  Find b.
[7]
(c) Find the area between the graph of /', the normal at A and the x -axis.
[4]

www.seprodstore.com
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5 3 Paper 2 - Problems in Kinematics

A particle moves in a straight line. Its velocity, vms™, at time ¢ seconds, is given by
v(t)=(t-3), for 0<¢<6.

(a) Find the velocity of the particle when # =2.

[2]
(b) Find the value of ¢ for which the particle is at rest.
[3]
(c) Find the total distance the particle travels during the first six seconds.
[3]
(d) Find the expression of a(?), the acceleration of the particle.
2]
(e) Find all possible values of ¢ for which the velocity and acceleration are both
positive.
[3]
It is given that the initial displacement of the particle is % m.
3} Find the expression of s(¢), the displacement of the particle.
[4]
(a) The initial velocity
=v(2)
=(2-3) (M1) for substitution
=—1ms" Al
2]
(b) v(t)=0 (M1) for setting equation
(t-3)=0
t—3=0 (A1) for correct approach
t=3 Al
[3]
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(©)

(d)

(e)

®

The total distance travelled
- j:|v(z)|dz
= [']e 3y ar
0
=40.5m

a(t)=v'(@t)
a(t) =3(t—3)*(1)
a(t) =3(t-3)

v(t) >0 and a(z) >0

By considering the graph of y =(¢—3)’ and

y=3(t-3)*,t>3 and t #3.
S.3<tL6

s(t) = j v(t)dt
s(t) = j(z ~3)’dt

s(t)zi(t—3)4+C

81 1 )
o= (0-3)*+C
2 4( )
C=0

sos(t) = %(r -3)*

www.seprodstore.com

(M1) for valid approach

(A1) for substitution
Al

(A1) for correct approach
Al

R2
Al

(A1) for correct approach

Al

(M1) for substitution

Al
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1. A particle moves in a straight line. Its velocity, vms™, at time ¢ seconds, is given by

W) =—(t—4)’, for 0<r<8.

(a) Find the initial velocity.

(2]
(b) Find the value of ¢ for which the velocity of the particle is —27 ms™.

[3]
(c) Find the total distance the particle travels during the first seven seconds.

[3]
(d) Find the expression of a(?), the acceleration of the particle.

[2]
(e) Find all possible values of ¢ for which the velocity and acceleration are both

negative.

[3]
It is given that the initial displacement of the particle is 28 m.
63) Find the expression of s(¢), the displacement of the particle.

[4]

2. A particle moves in a straight line. Its initial displacement is zero metres. Its velocity,
vms™', at time ¢ seconds, is given by
W) =26 +12¢* =24t +16, for 0<r<4.

(a) Find the expression of s(#), the displacement of the particle.

[4]
(b) Find the exact value of the displacement of the particle at 1 =3.3.

2]
(c) Find the total distance the particle travels during the first 3.3 seconds.

[3]
(d) Find the expression of a(?), the acceleration of the particle.

2]
(e) Find all possible values of ¢ for which the velocity is positive and the acceleration

1s negative.

[3]

SE Production Limited



A particle moves in a straight line. Its initial displacement is one metre. Its velocity,

vms™', at time ¢ seconds, is given by

w(t)=rcosnat, for 0<t<5.

(a) (1) Use a suitable substitution, show that s(¢) = J. cosudu .
(i1) Hence, find the expression of s(¢), the displacement of the particle.
[6]
(b) Find the values of ¢ for which the displacement of the particle is 0 m.
[3]
(c) (1) Find the expression of a(t), the acceleration of the particle.
(i1) Hence, find all possible values of ¢ for which its acceleration is positive.
[5]
It is given that there are five stationary points of the graph of s(¢), for 0<7<5.
(d) Write down the number of times for which the particle is at rest.
[1]
A particle moves in a straight line. Its initial displacement is zero metres and its initial
velocity is 48 ms™ . Its acceleration, @ ms™, at time ¢ seconds, is given by
a(t) =4t —33t* +88¢—76, for 0<r<5.
(a) Find the expression of v(¢), the velocity of the particle.
[4]
(b) Hence, find the expression of s(¢), the displacement of the particle.
[4]
(c) Find all possible values of ¢ for which the displacement is positive and the
acceleration is negative.
[4]
The table below shows the information of the graph of v(¢), for 0<7<5.
t 0<r<2 t=2 2<t<3 t=3 3<t<4 t=4 4<t<5
v(t) | positive 0 positive 0 negative 0 positive
(d) (1) Write down the number of times for which the particle is at rest.
(i1) Write down the number of times for which the particle changes its
direction.
2]
193
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Chapter

Differential Equations

SUMMARY POINTs

% = f(x,y) : First order differential equation

Solving %zf(x)g(y) by separating variables:

d_ g
=2 = | P [/ (x)dx

Solving %:f(x,y) by Euler's method, with (x,,y,) and step length #:

X, =X, +h

d
yn+1 :yn+h_y

(% V)
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SUMMARY POINTs

Coupled differential equations: 12
dx dx
—=ax+by — 4 b\ x
1. gt can be expressed as gt :( dj( j
Y cx +dy & ¢ Y
dt de

c

. a b
2. A, 4,: Eigenvalues of [ dj

3. v,, v,: Eigenvectors corresponding to 4, and A, respectively
4, x = Ae™'v, + Be™'v,: Solution of the system
5. Stable equilibriumif 4, 4, <0 or 4, =a+bi, 4, =a—bi and a<0
6. Unstable equilibrium if 4, 4, >0 or 4, =a+bi, 4, =a—bi and a>0
7. Saddle point if 44, <0
;ﬂ =ax+by
Solving dt by Euler’'s method, with (¢,,x,,y,) and step length 4:
& =cx+dy
dt
'xn+1 :xn +h%
dr (s X5 ¥,)
t., =t +h and q
yn+1 = yn +hd_y
t (&> X5 V)

Predator-prey models:

%=(a—by)x

gt , Where a, b, ¢ and d are positive constants
y

—=(cx—-d

py ( )Yy

2
The second-order differential equation %+a%+bx:0 can be expressed as

dv
de
dx
—_— =V
de

=—aqv—bx

Solutions of Chapter 12
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5 4 Paper 1 - Separating Variables

Consider the differential equation y(32+x’) % =5x*, where x, y>0.

(a) Express I ydy as an indefinite integral of x.
2]
1
(b) Hence, using the substitution u =32+x to find the expression of 5 y*, giving

the answer in terms of x.
[3]
It is given that y =0 when x=0.

(c) Find the expression of .

dy
a 32+ x°)—==5x"
(a) »( X)dx x

4
ydy = (325#5) dx (M1) for valid approach
+x
[ ydy =] g Al
IR ET I
(2]
(b) Let u=32+x".
% =5x" = du =5x"dx Al
J ydy = J-l du (A1) for correct working
u
1 *=lnu+C
2)’
1 2 5
Ey =In(32+x7)+C Al
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1

(c) 3 (0’ =In(32+0°)+C (M1) for substitution
0=In32+C
C=-In32 (A1) for correct value
1
5y2 =In(32+x")-1n32
y* =2In(32+x’)—2In32
y=42In(32+x")~21n32 Al
[3]
. : . Loodxe o,
Consider the differential equation d_ = xsinzt,where t, x>0.
t
1 . o
(a) Express I—dx as an indefinite integral of ¢.
X
[2]
(b) Hence, using the substitution u =zt to find the expression of In x, giving the
answer in terms of 7.
[3]
It is given that x =1 when 1 =0.5.
(c) Find the expression of x.
[3]
. . . . dy y
Consider the differential equation — = , where x, y>0.
dx 2x+3
1 : .
(a) Express I—dx as an indefinite integral of x.
Y
[2]

(b) Hence, using the substitution # =2x+3 to find the expression of In y, giving the

answer in terms of x.
[3]
It is given that y =12 when x=3.

(c) Find the expression of .

www.seprodstore.com
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3.

Consider the differential equation % = % , where x, y>0.
y

. . 1 . .
(a) Find the expression of 3 y*, giving the answer in terms of x .

It is given that y =9 when x=121.

(b) Find the expression of y .
61
(c) Hence, find y when x = 3

Consider the differential equation % =—y’e", where x, y>0.

) . 1 .. .
(a) Find the expression of 57 giving the answer in terms of x.
y

It is given that y =0.25 when x=In2.
(b) Find the expression of y .

() Hence, find y when x=In12.

SE Production Limited



5 5 Paper 1 - Coupled Differential Equations

% =2x—-15y
Consider the coupled differential equations d
Y
—=-x+4
dr g

. . X
matrix equation X=MX, where M is a 2x2 matrix, and X = dz and X :( J are
y

two 2x1 matrices.

Let A, and A, be the eigenvalues of M, where 4, < 4,.

(a)

(b)

Find det(M—Al), giving the answer in terms of 4.

Hence, write down the values of 4, and 4,.

Let v, and v, be the eigenvectors of M corresponding to A, and A, respectively.

(©)

(d)

(a)

(b)

Write down v, and v,.

Hence, write down the general solution for X.

2-4 15
dettM - AI) =

-1 4-2
det(M—AI) = (2 —A)(4— 1) —(~15)(-1)
detM—AI)=8—-24—441+A* —15
detM—AI)=A> —61—7

A=-1, 4 =17

www.seprodstore.com

. It can be expressed by a
dx
&
dt
[2]
2]
2]
2]
(M1) for valid approach
Al
2]
A2
2]
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© v =(5J, v, =(_3 A2
1 1

— 5 7t -3
(d) X =Ae 1+Be A2

& =5x+6y

Consider the coupled differential equations dt . It can be expressed by a
o 4x 43 y
dt

dx

. ) X
matrix equation X=MX, where M is a 2x2 matrix, and X = gt and X ={ ) are
y y

dr

two 2x1 matrices.

Let 4, and A, be the eigenvalues of M, where A4, < 4,.

(a) Find det(M—AI), giving the answer in terms of A .

(b)  Hence, write down the values of A, and 4, .

Let v, and v, be the eigenvectors of M corresponding to A, and A, respectively.
(c) Write down v, and v,.

(d) Hence, write down the general solution for X.

dx_ 2x+15y
Consider the coupled differential equations ! . It can be expressed by a
d_y =2x+y
dt
dx
. . X
matrix equation X=MX, where M is a 2x2 matrix, and X = gt and X =( j are
dy y
dt

two 2x1 matrices.

SE Production Limited



Let 4, and A, be the eigenvalues of M, where 4 < 4,.
(a) Find det(M—Al), giving the answer in terms of 4.
(b)  Hence, write down the values of A, and 4, .
Let v, and v, be the eigenvectors of M corresponding to A, and A, respectively.
(c) Write down v, and v,.
(d) Hence, write down the general solution for
(CV R

(i1) V.

g =4x+2y

Consider the coupled differential equations . It can be expressed by a
Y_ -9x-2
dr g

. . x
matrix equation X=MX, where M is a 2x2 matrix, and X = d and X =( j are

y

two 2x1 matrices.

(a) Find det(M—AI), giving the answer in terms of 4.

(b) Hence, write down the values of the eigenvalues of M.

Let v, and v, be the eigenvectors of M.

(c) Write down the general solution for X.

The phase portrait for the coupled differential equation is in the shape of spiral.

(d) Describe the stability of the phase portrait.

www.seprodstore.com

[1]

201

12



202

Your Practice Set — Applications and Interpretation for IBDP Mathematics

dx
—=-8x-y
4. Consider the coupled differential equations t . It can be expressed by a
dy
—=13x-2y
de

. . a5 X
matrix equation X=MX, where M is a 2x2 matrix, and X = d and X =( j are
y

two 2x1 matrices.

(a) Find det(M—AI), giving the answer in terms of 4.

(b) Hence, write down the values of the eigenvalues of M.

Let v, and v, be the eigenvectors of M.

(c) Write down the general solution for X.

The phase portrait for the coupled differential equation is in the shape of spiral.

(d) Describe the stability of the phase portrait.

SE Production Limited

[2]



5 6 Paper 1 - Euler’'s Method

dy

Consider the differential equation FRE where y =3 when x =2. Euler’s method
X

with a step length of 0.1 is used to approximate the value of y when x=2.3.

(2)

(b)

(2)

(b)

Find the approximate value of y when x=2.1.

Hence, write down the approximate value of y when

(1) x =2.2, giving the answer correct to 5 decimal places;

() x=23.

x,,,=x,+0.1

yn+l :yn+01d_y

(X5 V)
X, =2,y,=3
x,=2+0.1=2.1

3 =3+0.1| ——|=3.0375
4(2)

() y, =3.073660714
y, =3.07366

(i)  y, =3.108588677
y;=3.11

www.seprodstore.com
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(A1) for correct values
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[3]
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Consider the differential equation % = % where y =10 when x =4. Euler’s

2
X —

method with a step length of 0.1 is used to approximate the value of y when x=4.3.

(a) Find the approximate value of y when x=4.1.
(b) Hence, write down the approximate value of y when

(1) x=4.2, giving the answer correct to 5 decimal places;

(i) x=43.

Consider the differential equation % =e" +4y,where y=2 when x=0. Euler’s

method with a step length of 0.2 is used to approximate the value of y when x=0.8.

(a) Find the approximate value of y when x=0.2.

(b) Hence, write down the approximate value of y when

(1) x =0.4, giving the answer correct to 6 decimal places;
(i1) x=0.6, giving the answer correct to 6 decimal places;

(i) x=0.8.

SE Production Limited

[2]



Consider the differential equation Yy = LS , where y =2 when x =1. Euler’s method
X X

with a step length of 0.25 is used to approximate the value of y when x=2.

(a) Find the approximate value of y when x=1.25.

[3]
(b) Hence, write down the approximate value of y when
(1) x=1.5;
(i1) x=1.75, giving the answer correct to 4 decimal places;
(1)) x=2.
[3]
Consider the differential equation % +x—xy =0, where y=3 when x=3. Euler’s
method with a step length of 0.2 is used to approximate the value of y when x=4.
(a) Find the approximate value of y when x=3.2.
[3]
(b) Hence, write down the approximate value of y when
(1) x=34;
(i1) x =3.6, giving the answer correct to 4 decimal places;
(i1) x =3.8, giving the answer correct to 4 decimal places;
(i)  x=4.
[4]

www.seprodstore.com
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5 7 Paper 1 - More about Euler’'s Method

dx .
— =(x+y)sin¢
Consider the coupled differential equations . x=3 and y=4 when

d—y=(x+y)cost

dr
t =0. Euler’s method with a step length of 0.1 is used to approximate the values of x
and y when 1=0.2.
(a) Find, when ¢ =0.1, the approximate value of
»  x;
@)  y.

(b) Hence, write down, when ¢ = 0.2, the approximate value of

@ x;
(i1) V.
[2]
X, =X, +0.1%
dtli, x5,
) dy )
(a) (1) Vo =y, +0.1— (M1) for valid approach
dr (B> X5 V)
t,,=t,+0.1
t,=0,x,=3, y,=4 (A1) for correct values
t,=0+0.1=0.1
x, =3+0.1((3+4)sin0) =3 Al
(i) ¥, =4+0.1((3+4)cos0)=4.7 Al

SE Production Limited



(b) ()  x,=3.076871731
x, =3.08 Al

(i1) y, =5.466153207

Exercise 57

v, =547 Al
2]
dx
—=x+)yt
Consider the coupled differential equations t .x=5and y=2 when r=1.
d_y =xt+y
dt

Euler’s method with a step length of 0.15 is used to approximate the values of x and y
when 7 =1.3.

(a) Find, when ¢ =1.15, the approximate value of
(1) x5
(i1) y.

[4]

(b) Hence, write down, when ¢ =1.3, the approximate value of

i ox;
i) v
2]
dx
— =Q-yx
Consider the coupled differential equations q . x=1.1 and y=1 when

o 2-x)
dt

t =0.97. Euler’s method with a step length of 0.01 is used to approximate the values of
x and y when 7=1.

(a) Find, when #=0.98, the approximate value of

www.seprodstore.com
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(b) Hence, write down, the approximate value of
(1) x when 1=0.99;
(i1) y when £=0.99;
(iii))  x when r=1;

(11) y when ¢ =1.
[4]
2
Consider the differential equation % + 8% +15x=0. x=0 and % =1 when t=2.

Euler’s method with a step length of 0.1 is used to approximate the value of x when
t=22.

(a) By using u = % , express the differential equation in a coupled system.

(b) Find, when ¢ =2.1, the approximate value of
»  ou
(i1) X.
[4]
(c) Hence, write down, when ¢ = 2.2, the approximate value of x.
[1]
2
Consider the differential equation % —12% +36x=0. x=2 and % =3 when ¢t =0.
t

Euler’s method with a step length of 0.05 is used to approximate the value of x when
t=0.1.

(a) By using u = % , express the differential equation in a coupled system.

[1]
(b) Find, when ¢ =0.05, the approximate value of

(1 u;
(i)  x.

(c) Hence, write down, when ¢ =0.1, the approximate value of x.

SE Production Limited



5 8 Paper 1 - Predator-Prey Models

Let x and y be the populations, in thousands, of tiger and lion in a forest respectively.
The changes in the populations can be modelled by the coupled differential equations
dx
—=@-y)x
5 G
dy '
—=(2x-5
5 ¢ )y
(a) State the equilibrium points for the two populations.
[2]
The initial populations of tiger and lion are 1200 and 1000 respectively.
) dy .
(b) (1) Express ™ interms of x and y.
.. dy
(i)  Hence, find the value of I when ¢ =0.
(ii1))  State, at the beginning, whether the population of tiger is increasing or
decreasing.
[4]
(a) (0,0), (2.5,4) A2
[2]
®) @) & _@Cx=5y Al
dx  (4=y)x
(i1) & = 2d-2=51) (M1) for substitution
dx|_, (“4-D1.2)
b B Al
dx|,_, 18
(iii)  The population of tiger is increasing at the
beginning. Al
[4]
209
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Exercise 58

1. Let x and y be the populations, in thousands, of shark and whale in an ocean
respectively. The changes in the populations can be modelled by the coupled differential

%2(3—2)/))(

equations p .
—=(x=6)y

dr
(a) State the equilibrium points for the two populations.

The initial populations of shark and whale are 2000 and 2500 respectively.

(b) (1) Express % interms of x and y.

(i1) Hence, find the value of % when ¢ =0.

(iii))  State, at the beginning, whether the population of shark is increasing or
decreasing.

[4]

2. Let x and y be the number of soldiers, in thousands, of army A and army B
respectively. The changes in the number of soldiers in a battle between them can be

25y

modelled by the coupled differential equations d .
Ly

—=(x-38

5 8y

(a) State the equilibrium points for the two populations.

2]
The initial number of soldiers of army A and army B are 4000 and 3000 respectively.

(b) (1) Express % interms of x and y.
. dy
(i1) Hence, find the value of ™ when 1 =0.

(iii))  When x >0, state the range of values of y such that % >0.

210
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Let x and y be the populations, in thousands, of leopard and crocodile in a habitat
respectively. The changes in the populations can be modelled by the coupled differential

dx =(5-8y)x

. dr
equations .
Y =(7x-3)y

dr

The initial populations of leopard and crocodile are both 500.

(a) State, at the beginning, whether the population of crocodile is increasing or
decreasing.

[1]
Euler’s method with a step length of 0.2 is used to approximate the populations of
leopard and crocodile when #=0.2.

(b)  Find, when ¢=0.2, the approximate value of the population of
(1) leopard,

(11) crocodile.

[4]

Let x and y be the number of soldiers, in hundreds, from country X and country Y

respectively. The changes in the number of soldiers in a battle between the two countries

g:(12—5y)x

can be modelled by the coupled differential equations .
dy
—=3x-10)y
dt

(a) When y > 0, state the range of values of x such that % >0.

[1]
The initial numbers of soldiers from the two countries are both 300. Euler’s method with
a step length of 0.1 is used to approximate the numbers of soldiers from the two countries
when ¢#=0.1.
(b) Find, when ¢ =0.1, the approximate numbers of soldiers from

(1) country X ;

(11) country Y.

www.seprodstore.com
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5 9 Paper 2 — Miscellaneous Problems

Under the influence of a magnetic field, the changes in the position (x, y) of a metal ball

dx =3x+2y
can be modelled by the coupled differential equations q
y
—=4x+
dr Y

(a) Write down the coordinates of the equilibrium point.

[1]

The system can be expressed by a matrix equation X =MX, where M is a 2x2 matrix,

dx

and X = :t and X :[xJ are two 2x1 matrices. Let 4, and 4, be the eigenvalues of
dy y
dr

M, where 4, < 4,.

(b) Find det(M—Al), giving the answer in terms of 4.

(c) Hence, write down the values of A, and 4, .

Let v, and v, be the eigenvectors of M corresponding to A, and A, respectively.

(d)  Writedown v, and v,.
The metal ball is initially at (2, 5).
(e) Find the particular solution of
(CV R
(i) .

63) Hence, find the coordinates of the position of the metal ball at £ =0.5.

SE Production Limited
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2]



€9)

(a)

(b)

(©)

(d)

On the following diagram, sketch the following trajectory for this particular

solution.

.}v

A

(0]
(0,0)
3-14 2
detM - AI) =
4 1-4

detM—AI)=(3—A)(1-1)—(2)(4)
detM—AI)=3-31-1+1> -8
detM—AI) =2 —41-5

A=-1,4=5

www.seprodstore.com
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1
—— 1
(e) (1) X=de"'| 2 |+Be ( J (A1) for correct approach
1 1
1
2 ol == so 1 e
s =Ae 2 |+ Be | (M1) for substitution
1
1
2=——A+B
2
5S=A+B
By solving this system, 4=2 and B=3. (Al) for correct values
Lx=—e ' +3e" Al
(i1) y=2e" +3¢” Al
[5]
3} The required coordinates
=(—e " +3"", 2¢7%° +3°"Y) (M1) for substitution
=(35.94095122, 37.7605432)
=(35.9,37.8) Al
2]
(g2) For starting at (2, 5) Al
For positive gradient Al
2]
A
(2,5)
> X
O

214
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1. In a physics experiment, the changes in the position (x, y) of a particle can be modelled
dx 12
—=-x-5y
by the coupled differential equations ds
Y_ x=Ty
dr

(a) Write down the coordinates of the equilibrium point.
[1]

The system can be expressed by a matrix equation X =MX, where M is a 2x2 matrix,

dx
: x
and X = :t and X=[ j are two 2x1 matrices. Let 4, and 4, be the eigenvalues of
v y
de

M, where 4, < 4,.

(b) Find det(M—AI), giving the answer in terms of A .

2]
(c) Hence, write down the values of A, and 4, .
2]
Let v, and v, be the eigenvectors of M corresponding to A, and A, respectively.
(d)  Write down v, and v,.
[2]
The particle is initially at (9,1).
(e) Find the particular solution of
®  x;
(i1) y.
[5]
() Hence, find the coordinates of the position of the particle at t =1.
[2]
215
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(2) On the following diagram, sketch the following trajectory for this particular
solution.

2]

0

2. Let x and y be the populations, in thousands, of horses and zebras in a national park
respectively. The changes in the populations can be modelled by the coupled differential
dx

—=-3x
. dt
equations .
Y_ 4y —x
Y

(a) When x =2, state the range of values of y such that j—y >10.
t

[1]

The system can be expressed by a matrix equation X =MX, where M is a 2x2 matrix,

dx
: x
and X = gt and X:( j are two 2x1 matrices. Let 4, and A, be the eigenvalues of
dy y
dt

M, where 4, < 4,.

(b) Find det(M—AI), giving the answer in terms of A .
2]
(¢c)  Hence, write down the values of 4, and 4, .

2]

Let v, and v, be the eigenvectors of M corresponding to 4, and A, respectively.

(d)  Write down v, and v,.

SE Production Limited



The initial populations of horse and zebra are 7000 and 2000 respectively.

(e) Find the particular solution of

»  x;
(ii) V.
[5]
3} Hence, state the long-term behaviour for the population of horse.
[1]
(2) On the following diagram, sketch the following trajectory for this particular
solution.
y (2]

0

A particle moves in a straight line with velocity v ms™ and displacement x m with

respect to the starting point O. By considering the rate of change of its velocity, the
relationship between the variables can be modelled by the differential equation

2
dx sd 4e-o.
e

(a) By using v = % , express the differential equation in a coupled system.

[1]
Euler’s method with a step length of 0.1 is used to approximate the displacement of the
particle at #=0.3. It is given that initially the particle is at O with velocity 1ms™.
(b) Find, when ¢ =0.1, the approximate value of

(1 v;

()  x.

www.seprodstore.com
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(c) Hence, write down the approximate value of the displacement at

(1) t=0.2;
(i1) t=03.
[2]
The system can be expressed by a matrix equation X=MX, where M is a 2x2 matrix,
dv
) v
and X = dr and X =[ J are two 2x1 matrices. Let 4, and A, be the eigenvalues of
X
dt

M, where 4, < 4,.

(d) Find det(M—Al), giving the answer in terms of 4.

2]
(e) Hence, write down the values of 4, and 4, .
(2]
Let v, and v, be the eigenvectors of M corresponding to A, and A, respectively.
(H Write down v, and v,.
2]
(g) Find
(1) the particular solution of x;
(i1) the displacement at 1 =0.3.
[6]

(h) Hence, write down the difference between the approximated displacement in
(c)(i1) and the actual displacement in (g)(ii).

[1]

A box connected with a spring moves with velocity vms™ and displacement x m with

respect to the starting point O. By considering the rate of change of its velocity, the
relationship between the variables can be modelled by the differential equation

(a) By using v = % , express the differential equation in a coupled system.

SE Production Limited



Euler’s method with a step length of 0.25 is used to approximate the displacement of the
particle at ¢ =1. It is given that initially the particle is at rest with displacement 1 m.

(b) Find, when ¢ =0.25, the approximate value of

® v
(i1) X.
[4]
(c) Hence, write down the approximate value of the displacement at
(1) t=0.5;
(i1) t=0.75;
(i) r=1.
[3]
The system can be expressed by a matrix equation X =MX, where M is a 2x2 matrix,
dv
. v
and X = dr and X =[ J are two 2x1 matrices. Let 4, and 4, be the eigenvalues of
X
dt

M, where 4, < 4,.

(d) Find det(M—AlI), giving the answer in terms of 4.

[2]
(e) Hence, write down the values of A, and 4, .
2]
Let v, and v, be the eigenvectors of M corresponding to A, and A, respectively.
63 Write down v, and v,.
2]
(2) Find
(1) the particular solution of x ;
(i1) the displacement at 7 =1.
[6]
(h) Hence, calculate the percentage error for the approximated displacement in
(c)(ii).
(2]
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Chapter

13

Probability

SUMMARY POINTs

Markov Chain with transition matrix T:
det(T—AI): Characteristic polynomial of T
Solution(s) of det(T—AI)=0: Eigenvalue(s) of T
v: Steady state probability vector, which is the eigenvector of T

corresponding to the eigenvalue 1 =1
v,: Initial state probability vector
v, =T"v,: State probability vector after n transitions

The column sum of T must be equal to 1

Solutions of Chapter 13

220
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Paper 1 - Markov Chain

0.2 0.75
The matrix T = is a transition matrix for a Markov chain.
0.8 0.25
(a) Find the characteristic polynomial of T .
2]
(b)  Hence, write down the values of A, and A, , the eigenvalues of T, where A4, < 4,.
2]
(c) Find v, the steady state probability vector for this Markov chain.
(2]
(a) The characteristic polynomial of T
=det(T—-AI)
02-4 0.75 M1) f lid N
= r vali T
0.8 025-4 of VAlIq Approac
=(0.2—-1)(0.25-1)—(0.75)(0.8)
=0.05-0241-0.254+1>-0.6
=1>—0.451-0.55 Al
2]
(b) A= AL A, =1 A2
20777
2]
(c) v is the eigenvector of T corresponding to 4, =1. (R1) for correct reasoning
15
31
V= Al
16
31
2]
221
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Exercise 60

) 0.05 0.3
1. The matrix T =

is a transition matrix for a Markov chain.
095 0.7

(a) Find the characteristic polynomial of T .

[2]

(b)  Hence, write down the values of A, and A,, the eigenvalues of T, where 4, < 4,.

(c) Find v, the steady state probability vector for this Markov chain.

0.5 0.15

2. The matrix T =
0.5 0.85

j is a transition matrix for a Markov chain.

(a) Find the characteristic polynomial of T .

[2]

[2]

[2]

(b)  Hence, write down the values of A, and A,, the eigenvalues of T, where 4, < 4,.

(c) Find v, the steady state probability vector for this Markov chain.

0.17 0.9

3. The matrix T =
0.83 0.1

j 1s a transition matrix for a Markov chain.

(a) Find the values of A, and A,, the eigenvalues of T, where 4, < 4,.

0.5
Let v, = 05"

(b) Find v,, the state probability vector after 8 transitions.

(c) Find v, the steady state probability vector for this Markov chain.

SE Production Limited
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0.52 0.63

The matrix T =
0.48 0.37

j is a transition matrix for a Markov chain.

(a) Find the values of 4, and 4,, the eigenvalues of T, where 4 < 4,.

[3]
0.09
Let v, = .
0.91
(b) Find v,;, the state probability vector after 13 transitions.
2]
(c) Find v, the steady state probability vector for this Markov chain.
2]
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6 1 Paper 2 - Real Life Problems

X and Y are the only two cities on an island. Each month 30% of the residents in X
move to Y, and 55% of the residents in Y choose to stay in Y . Assume that there is no
net gain or net loss of the entire population on the island.

(a) Find T, the transition matrix representing the changes in population between X
and Y in a particular month.

2]
(b) Find the characteristic polynomial of T .
2]
(c) Hence, write down the values of 4, and 4,, the eigenvalues of T, where 4 < 4,.
2]
Let v, and v, be the eigenvectors of T corresponding to 4, and A, respectively.
(d  Write down v, and v,.
2]
It is given that T" = PD"P™', where P isa 2x2 matrix and D isa 2x2 diagonal
matrix.
(e) Write down
®» P
(i1) D".
[3]
3} Hence, express T” in terms of 7.
[3]
The initial population of X and Y are 550 and 450 respectively.
(2) Find, after a year, the population of X and Y .
[4]
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(a)

(b)

(©)

(d)

(e)

)

T=[07 OASJ
0.3 0.55
The characteristic polynomial of T
=det(T—-AI)

0.7-4 045
:‘03 055—J
=(0.7—-14)(0.55—1)—(0.45)(0.3)
=0.385-0.74-0.551+ 4> —0.135
=A"—-1.254+0.25

1
A:ZDJ’Z:I
| 1
Vl: _1 , V2: %
3
1 1
i
(M) 402
3
1}’!
. Bl )
(i1) (4)
0 1
1 1)(1Y 11!
T" = 2 |[la) ° 2
-1 = -1 =
30 0 1 3
Ly o
- 1
n (J b
T = n 1 2
_(lj 2 3
4) 3
Gj 2 3
— 5 5
1y 213 3
4 3 3

www.seprodstore.com

A2

(2]

(M1) for valid approach

Al
(2]
A2

(2]

A2

(2]

Al

A2

(3]

Al

(A1) for correct approach
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2(1Y 3 3(1Y 3
514 5 5\ 4 5

T = Al

201 2 3(1Y\" 2
514 5 54 5

[3]
2(1]“ 3 3(1]” 3
(550 5\4 5 54 5 |(550
(& T =
450 21”2 3(1)" 2 |\450
—_— — J— —_ — +_
5( J o3 )
(550 599.999997
450 400.000003
Thus, the population of X and Y after a year are
600 and 400 respectively. A2
[4]
1. In a town, citizens purchase computers from either Japanese manufacturers or American

manufacturers. Each year 25% of the citizens purchasing computers from American
manufacturers change their choices to Japanese manufacturers, and 70% of the citizens
purchasing computers from Japanese manufacturers do not change their choices. Assume
that there is no net gain or net loss of the entire population in the town.

(a) Find T, the transition matrix representing the changes in the number of citizens
choosing manufacturers in a particular year.

2]
(b) Find the characteristic polynomial of T .
[2]
(c) Hence, write down the values of A, and A, , the eigenvalues of T, where 4, < 4,.
2]
Let v, and v, be the eigenvectors of T corresponding to 4, and A, respectively.
(d)  Write down v, and v,.
2]
It is given that T" = PD'P"', where P is a 2x2 matrix and D isa 2x2 diagonal
matrix.
(e) Write down
o P
(i) D".
[3]
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63) Hence, express T” in terms of 7.

[3]
The initial number of citizens choosing each manufacturers from the two countries are
both 3500.
(2) Find, after five years, the number of citizens purchasing computers from
American manufacturers.
[4]

The weather condition of a town is studied every day. Assume that the weather is either
sunny or cloudy. If it is sunny on a particular day, then there will be 40% of chance that
the next day is cloudy. If it is cloudy on a particular day, then there will be 36% of chance
that the next day is sunny.

(a) Find T, the transition matrix representing the changes in the weather conditions
on a particular day.

2]
(b) Find the characteristic polynomial of T .

[2]
(c) Hence, write down the values of A, and A, , the eigenvalues of T, where 4, < 4,.

2]
Let v, and v, be the eigenvectors of T corresponding to 4, and A, respectively.
(d  Write down v, and v,.

(2]
It is given that T" =PD'P"', where P is a 2x2 matrix and D isa 2x2 diagonal
matrix.
(e) Write down

®» P
(i1) D".

[3]
63) Hence, express T" in terms of 7.

[3]
On a particular day, the probability that it is sunny is two times the probability that it is
cloudy.
(2) Find, after a week, the probability that it is cloudy.

[4]

www.seprodstore.com
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A district is served by two supermarkets, A and B . Customers living in the district can
choose buying in either A or B. Each week 82% of the customers choosing A and 87%
of the customers choosing B will not change their choices in the next week. Assume that

there is no net gain or net loss of the total number of customers.

(a) Find T, the transition matrix representing the changes in the number of
customers choosing supermarkets in a particular week.

(b)  Find the values of A, and A,, the eigenvalues of T, where 4, <A4,.
Let v, and v, be the eigenvectors of T corresponding to 4, and A, respectively.
(c) Write down v, and v,.

It is given that T" = PD"P™', where P isa 2x2 matrix and D isa 2x2 diagonal
matrix.

(d) Write down
®» P
(i1) D".
(e) Hence, express T” in terms of 7.

The initial number of customers choosing each supermarket are both 310.

(f)  Write down T" 310
T1te down .
310

(2) Hence, write down, after a long term, the numbers of customers choosing
»H A

(i) B.

SE Production Limited
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The proportion of a group of people supporting the political parties, A and B, are
studied. Each year 10% of the people supporting A and 7% of the people supporting B
will change their preferences in the next year. It is assumed that people can either choose
supporting A or B, and there is no change in the number of people in the group.

(a) Find T, the transition matrix representing the changes in the proportion of
political party supporters in a particular year.

2]
(b)  Find the values of A, and A,, the eigenvalues of T, where 4, <A4,.
[3]
Let v, and v, be the eigenvectors of T corresponding to 4, and A, respectively.
(c) Write down v, and v,.
2]
It is given that T" = PD"P™', where P isa 2x2 matrix and D isa 2x2 diagonal
matrix.
(d) Write down
®» P
(i1) D".
[3]
(e) Hence, express T” in terms of 7.
[3]
It is given that the ratio of the number of supporters of A to that of B is 3:2 in 2019.
63) Write d T" 0.6
rite down .
0.4
(2]
(2) Hence, find the proportion of the supporters of A in 2013.
2]
(h) Using (f) to write down, after a long term, the proportions of supporters of
® A
(i1) B.
2]
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Chapter

Poisson Distribution

SUMMARY POINTs

Properties of a random variable X ~Po(1) following Poisson distribution:
The expected number of occurrences of an event is directly proportional
to the length of the time interval
The numbers of occurrences of the event in different disjoint time
intervals are independent
A Mean number of occurrences of an event

4. X : Number of occurrences of an event

Formulae for Poisson distribution:

-4 r
P(er)ze ';t for r>0, rez
r

E(X) = A: Expected value of X
Var(X)=A: Variance of X

ﬁ: Standard deviation of X
P(X <r)=P(X <r+1)=1-P(X =r+1)

Solutions of Chapter 14

230
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6 2 Paper 1 - Evaluating Probabilities

The weekly number of traffic accidents occurred in a certain road follows a Poisson
distribution with mean 0.45.

(a)
(b)

(©)

(a)

(b)

(©)

Find the probability that at least two traffic accidents will occur in this road in a

particular week.

[2]

Find the probability that exactly five traffic accidents will occur in this road in a

particular four-week period.

2]

Given that in a particular four-week period at most five traffic accidents occur,
find the probability that less than four traffic accidents occur.

X ~Po(0.45)
P(X>2)=1-P(X <)

P(X >2) =1-0.9245608199
P(X >2)=0.0754391801
P(X >2)=0.0754

Y ~Po(1.8)
P(Y =5)=0.0260286241
P(Y =5)=0.0260

P(Y <4nY <5)
P(Y <59)

P(Y £3)

P(Y <59)

0.8912916054

0.9896219631
P(Y <4]Y <5)=0.9006384646

P(Y <4|Y <5)=0.901

P(Y <4|Y<5)=

P(Y <4|Y <5)=

P(Y <4|Y<5)=

www.seprodstore.com

[3]

(M1) for valid approach

Al

2]
(M1) for valid approach

Al
(2]

(A1) for substitution

(A1) for correct approach

Al
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1. The number of goals scored in a randomly selected match by a football team follows a
Poisson distribution with mean 1.7.

(a) Find the probability that less than two goals are scored in a particular match.
2]
(b) Find the probability that exactly ten goals are scored in six randomly selected
matches.
2]
(c) Given that in six randomly selected matches less than nine goals are scored,
find the probability that less than six goals are scored.
[3]
2. In a hotline centre, the number of incoming calls is distributed as Poisson with mean 12.8

in a 30-minute time period.

(a) Find the probability that more than 10 incoming calls are received in a particular
30-minute time period.
2]
(b) Find the probability that at most 33 incoming calls are received in a particular
90-minute time period.
2]
(©) Given that a particular 90-minute time period at least 40 incoming calls are
received, find the probability that exactly 43 incoming calls are received.
[3]
3. The number of delays in a day of a railway system follows a Poisson distribution with
mean 3.1.
(a) Find the probability that there are at least 2 delays in a day.
(2]
(b) Find the probability that there are at most 28 delays in a week.
[2]
(c) Find the probability that in 7 consecutive days there are at most 4 delays in each

day.
2]

SE Production Limited



The number of accidents occurs in the park X follows a Poisson distribution with mean
7 accidents per year.

(a) Find the probability that there are more than 7 accidents in the park X ina
particular year.
[2]
(b) Find the probability that there are not more than 2 accidents in the park X in a
particular 3-month period.
2]
The number of accidents occurs in the other park ¥ follows the Poisson distribution with
mean 0.5 accidents per month.

(c) Find the probability that there are 5 accidents in each park in a particular year.

[2]

www.seprodstore.com
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6 3 Paper 1 - Mean and Variance

The random variable X follows a Poisson distribution with mean «a . It is given that
245P(X =0)=P(X =2).

(a) Find a.
[3]
(b) Hence, write down the values of
»H  P(X=3);
(il))  the variance of X .
[2]
(a) 245P(X =0)=P(X =2)
—a 0 —a 2
24.5(6 O'a ] =£ Z'a (M1) for setting equation
a‘e™
24.5¢ = (A1) for correct approach
a’ =49
a=-7 (Rejected) or a="7 Al
[3]
(b) (1) P(X =3)=0.0521292524
P(X =3)=0.0521 Al
i) 7 Al
2]
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The random variable X follows a Poisson distribution with mean b . It is given that

P(X:O):%P(X:3).

(a) Find b.
[3]
(b) Hence, write down the values of
@  P(X=2);
(i1))  the variance of X .
2]
The random variable X follows a Poisson distribution with mean c. It is given that
OP(X =1)=2P(X =2).
(a) Find c.
[3]
(b) Hence, write down the values of
)  P(X<4);
(11) the standard deviation of X .
(2]

The number of digital cameras sold in a store each week follows a Poisson distribution
with mean A, where A >12, 1 € Z. The probability that 13 digital cameras are sold in a
particular week is 0.0956.

(a) Find 4.
[3]
(b) Hence, find the probability that more than 3 digital cameras are sold on a
particular day.
[2]
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4. The number of typing errors made by Mr. Lee in the book Your Practice Set —
Applications and Interpretation Book 2 follows a Poisson distribution with mean A per
page, where 0 <A <1, 1€ R. The probability that exactly 1 typing error is made on a
particular page is 0.00990.

(a) Find 4.
[3]

(b) Hence, find the probability that more than 2 typing errors are made on a particular
120-page section.

2]

236
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Chapter

15

15
Linear Combinations
of Variables
SUMMARY POINTs
Properties of linear transformations of independent random variables:
E(aX +b)=aE(X)+b
Var(aX +b) = a*Var(X)
E(g X, +a, X, +--+a,X,)=aEX))+a,EX,)+ +a,E(X,)
Var(a X, +a,X, ++--+a,X,)=a’Var(X,)+a,Var(X,) +--+a. Var(X,)
Solutions of Chapter 15
237
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6 LI- Paper 1 - Expected Value and Variance

The random variable X is defined such that E(X)=1.6 and Var(X)=0.25.

(a)  Find E(5+4X).

(b)  Find Var(4-5X).

Another random variable Y is defined such that E(Y)=-0.8. It is given that X and Y

are independent.

(c)  Find EGX-7Y).

(a) E(5+4X)=5+4E(X)
E(5+4X)=5+4(1.6)
E(5+4X)=11.4

(b)  Var(4-5X)=(-5)*Var(X)
Var(4—5.X) = (25)(0.25)
Var(4-5X)=6.25

)  EQBX-7Y)=3E(X)-TE(Y)

EGX-7Y)=3(1.6)—7(-0.8)
EGX-7Y)=104

238
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(A1) for substitution
Al

(A1) for substitution
Al

(A1) for substitution
Al

[2]

2]

2]



Exercise 64

1.

The random variable X is defined such that E(X)=21.5 and Var(X)=3.

(a)  Find E(1-10X).

[2]
(b)  Find Var(5+2X).

[2]
Another random variable Y is defined such that E(Y)=20. It is given that X and Y

are independent.

(c) Find E(5+4X +3Y).
(2]

The random variable X is defined such that E(5X)=40 and Var(1+2X)=4.

(a)  Find E(X).

[2]
(b) Find Var(X).

[2]
Another random variable Y is defined such that E(Y)=20. It is given that X and Y

are independent.

(c) Find E(—X-Y).

The random variable X is defined such that E(X)=-5 and Var(X)=16.

(a) Find E(100—-X).

(2]
(b)  Find Var(99-5X).

2]
Another random variable Y is defined such that Var(Y)=8. It is given that X and Y

are independent.

(¢)  Find Var(6X —5Y).
[2]
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4. The random variable X is defined such that E(8§—7.X) =29 and Var(-7X)=147.

(a) Find E(X).

[2]
(b) Find Var(X).

[2]
Another random variable Y is defined such that Var(Y)=4.5. It is given that X and Y

are independent.

(c) Find Var(10Y -3X).
[2]

240
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6 5 Paper 1 - Problems Involving Normal Distribution

In a school, the male students’ weights are normally distributed with mean 60 kg and
standard deviation 3 kg, and the female students’ weights are normally distributed with
mean 50 kg and standard deviation 3.5 kg. Three male students are randomly chosen. Let
X be the total weight of the selected students.

(a) Write down

(1) the mean of X ;

(11) the variance of X .

(2]

One male student and two female students are randomly chosen. Let ¥ be the total
weight of the selected students.
(b) Write down

(1) the mean of V';

(i1))  the standard deviation of Y .

[2]
(¢c)  Hence, find P(Y >170).

@ @) 180 kg Al
() 27kg Al
2]
b)) @) 160 kg Al
(i)  5.79kg Al
2]
(c) Y ~N(160,33.5)
P(Y >170)=0.0420176687 (A1) for correct value
P(Y >170)=0.0420 Al
2]
241
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In a supermarket, the weights of apples are normally distributed with mean 160 g and
standard deviation 8 g, and the weights of oranges are normally distributed with mean
220 g and standard deviation 12 g. Four apples are randomly chosen. Let X be the total
weight of the selected apples.

(a) Write down

(1) the mean of X ;

(i1) the variance of X .

2]
Two apples and two oranges are randomly chosen. Let ¥ be the total weight of the
selected fruits.
(b) Write down
) the mean of V';
(11) the standard deviation of Y .
2]
(¢c)  Hence, find P(Y <795).
[2]

In a tutorial class, the male students’ heights are normally distributed with mean 178 cm
and standard deviation 3 cm, and the female students’ heights are normally distributed
with mean 165 cm and standard deviation 4 cm. Six male students are randomly chosen.
Let X be the total height of the selected students.

(a) Write down

(1) the exact value of the mean of X ;

(11) the variance of X .

(2]
(b) Hence, find P(1070 < X <1090).

2]
One male student and one female student are randomly chosen. Let ¥ be the total
height of the two selected students.
(c) Find P(Y >330).

[3]

SE Production Limited



In a snack shop, the weights of candy boxes are normally distributed with mean 500 g
and standard deviation 13 g, and the weights of chocolate boxes are normally distributed
with mean 470 g and standard deviation 17 g. Let X and Y be the weight of a candy box
and a chocolate box respectively.

A candy box and a chocolate box are randomly chosen.

()  Find P(X+Y >1000).

[3]
(b) Find the probability that the candy box is heavier than the chocolate box.

[3]

In a town, the waiting times for buses are normally distributed with mean 10 minutes and
standard deviation 1.5 minutes, and the waiting times for taxis are normally distributed
with mean 7 minutes and standard deviation 0.75 minutes. Let X and Y be the waiting
time for a bus and a taxi respectively, on a particular day.

(a)  Find P(162< X +Y <17.8).
[3]

(b) Sam starts his journey on a particular day and he needs to take either a bus or a
taxi. Find the probability that a bus arrives earlier than a taxi.

[3]

www.seprodstore.com
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Two independent random variables X and Y are distributed such that X ~Po(9) and

Y ~Po(7). Find

(a)
(b)

(©)

(2)

(b)

(©)

E(X +Y);
P(X +Y >16);

Var(3X +2Y).

E(X+Y)=E(X)+E®Y)
E(X+Y)=9+7
E(X+Y)=16

P(X+Y>16)=1-P(X+Y <16)
P(X+Y >16)=1-0.5659624252
P(X +Y >16)=10.4340375748
P(X+Y>16)=0.434

Var(3X +2Y) =3 Var(X) + 2> Var(Y)
Var(3X +2Y) =9(9)+4(7)
Var(3X +2Y) =109

SE Production Limited

Paper 1 - Problems Involving Poisson Distribution

(A1) for substitution
Al

(M1) for valid approach

Al

(A1) for substitution
Al

2]

2]

2]



Exercise 66

1.

Two independent random variables X and Y are distributed such that X ~Po(5.5) and
Y ~Po(3.5). Find

(@)  E(X+Y);

2]
(b) P5<X+Y<8);

2]
(c) Var(X —4Y).

2]
Three independent random variables W, X and Y are distributed such that W ~Po(12),
X ~Po(18) and Y ~Po(4). Find

(a) EW+X+Y);

2]
(b) PW+X+Y >30);

2]
(c) Var(3W -2X-Y).

2]
In a fast food shop, the number of hamburgers and onion ring boxes sold follow Poisson
distributions with means 24 per hour and 15.5 per hour respectively.

(a) Find the expected total number of hamburgers and onion ring boxes sold in a
particular hour.
2]
(b) Find the probability that a total number of 38 hamburgers and onion ring boxes
are sold in a particular hour.
2]
(©) Find the probability that, in six 1-hour intervals, a total number of 38
hamburgers and onion ring boxes are sold in each interval.
2]
On a website, the number of views of a football video and a basketball video follow
Poisson distributions with means 195 per day and 180 per day respectively.

(a) Find the expected total number of views of the football video and the basketball
video on a particular day.
2]
(b) Find the probability that there are a total of 376 views of the football video and
the basketball video on a particular day.
2]
(c) Find the probability that, in three 1-day periods, there are a total of 376 views of
the football video and the basketball video on each period.

[2]
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6 7 Paper 1 - General Problems

The following table shows the probability distribution of a discrete random variable X .

x 10 20 30 40
P(X=x) | 0.1 03 | 05 | o1

(a) Find E(X).

(2]
Another random variable Y is defined such that E(Y) = Var(Y)=15. It is given that X

and Y are independent, and Var(X)=64.
(b)  Find E(X+7Y).

(c) Find Var(3X +7Y).

@  E(X)=(10)0.1)+(20)(0.3)+(30)(0.5)+(40)(0.1) (Al) for substitution
E(X)=26 Al

(b) E(X+Y)=EX)+E(Y)
E(X+Y)=26+15 (A1) for substitution
E(X +Y)=41 Al

(¢c)  Var(3X +7Y)=3*Var(X)+7 Var(Y)
Var(3X +7Y)=9(64)+49(15) (A1) for substitution
Var(3X +7Y)=1311 Al
2]
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Exercise 67

1.

The following table shows the probability distribution of a discrete random variable X .

X 2 4 6 8
P(X =x) 0.6 0.1 0.15 0.15

(a) Find E(X).

2]
Another random variable Y is defined such that E(Y) =10 and Var(Y)=2. It is given

that X and Y are independent, and Var(X)=5.31.
(b) Find E(5X +2Y).

(c)  Find Var(5X+2Y).
[2]

The random variable X is defined such that X ~B(100, 0.65).

(a)  Find B(X).

2]
(b) Find Var(X).

[2]
Another random variable Y is defined such that E(Y) =30 and Var(Y)=7. It is given
that X and Y are independent.

(c) Find EQ2X -7Y).

(d)  Find VarQX —7Y).
[2]

www.seprodstore.com

15

247



Your Practice Set — Applications and Interpretation for IBDP Mathematics

3. A factory makes lamps. The probability that a lamp is defective is 0.03. The factory tests
a random sample of 15 lamps. Let X be the number of defective lamps in the sample.

(a)  Find E(X).

2]
(b) Find Var(X).

(2]
Another random variable Y is defined such that E(Y)=-1.2 and Var(Y)=0.8. It is
given that X and Y are independent.
(c) Find E(—X-Y).

2]
(d) Find Var(—X -Y).

[2]

4. A box contains four yellow balls and one purple ball. Chester plays a game by randomly
drawing a ball one by one from the box, without replacement. The game ends when a
purple ball is being drawn.

Chester gets $20 and $10 if he draws the purple ball in his first trial and second trial
respectively. He gets nothing if he draws the purple ball after the second trial. Let X be
the amount of payoff to Chester.

(a) (1) Write down P(X =20).
(i)  Find P(X =0).
(iii))  Hence, find E(X).
[5]
Another random variable Y is defined such that E(X +6Y)=8. It is given that X and Y

are independent.

(b)  Find E(Y).

248
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Chapter

16

16
Point Estimation
SUMMARY POINTs
v Central limit theorem:
1. X, ~N(u, o)
2. )_(:X1+X2+“'+X”:Sample mean
n
—_ O'Z
X~N[y, —j when n is sufficiently large
n
v Properties of point estimation:
i(Xi _)?)2
"=1—1: Sample variance
i(Xi _X)z
si = Lsf, where s> ==L
n—1 n
E(X)=X
E(Sj—l) =0’
Solutions of Chapter 16
249
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The random variable X is defined such that E(X) =20 and Var(X)=6. A random

Paper 1 - Central Limit Theorem

sample of 50 observations is selected from the distribution of X . Let X be the mean of
the sample. By using the central limit theorem,

(a)
(b)

(©)

(a)

(b)

(©)

write down E(X);
find Var(X);

find P(X >19.7).

20

Var(X) = Var(X)

- 6
Var(X)=—
(X) 0

Var(X) = 2%

X ~ N[20, i)
25

P(X >19.7)=0.8067619307

P(X >19.7)=0.807

SE Production Limited

Al

(A1) for substitution

Al

(M1) for valid approach

Al



Exercise 68

1.

The random variable X is defined such that E(X) =300 and Var(X)=4.5. A random

sample of 180 observations is selected from the distribution of X . Let X be the mean of
the sample. By using the central limit theorem,

(a) write down E(X);

[1]
(b) find Var(X);

[2]
(c)  find P(X <299.85).

2]

The random variable X is defined such that E(X)=-2 and Var(X)=8. A random

sample of 32 observations is selected from the distribution of X . Let X be the mean of
the sample. By using the central limit theorem,

(a) write down E(X);
(b) find the standard deviation of X ;

(©)  find P(X|<15).
[3]

The random variable X is defined such that E(X) =5 and Var(X)=1.6. A random

sample of 50 observations is selected from the distribution of X . Let X be the mean of
the sample. By using the central limit theorem,

(a) write down E(X);

[1]
(b)  find Var(X).

2]
Another random variable Y is defined such that E(Y)=-5 and Var(Y)=0.8. A new

random sample of 50 observations is selected from the distribution of Y. Let ¥ be the

mean of the new sample. It is given that X and Y are independent.

(c)  Find P(X+Y >0.1).

www.seprodstore.com
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The random variable X is defined such that E(X) =180 and Var(X)=12. A random

sample of n observations is selected from the distribution of X . Let X be the mean of

o _ = . 1
the sample. It is given that the standard deviation of X is 3

(a) By using the central limit theorem, find 7.
2]
Another random variable Y is defined such that E(Y) =160 and Var(Y)=48. A new

random sample of 216 observations is selected from the distribution of ¥ . Let ¥ be the

mean of the new sample. It is given that X and Y are independent.

(b)  Find PO<X-Y <21).
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Paper 1 - Unbiased Estimates

The number of breakdowns on a road in a city is studied. A sample of 20 observations is
recorded on 20 different days. Let X be the number of breakdowns on a particular day. It

is given that s> =3.8.

(@  Find s ,.
2]

Let X be the mean of the sample. It is also given that there are 60 breakdowns in these

20 days. 16

(b) Find an unbiased estimate of the population mean.

@ 5=
n-1
2 20 oy
s = 0.1 (3.8) (A1) for substitution
si, =4 Al

2]

(b) An unbiased estimate

=X (A1) for correct approach
_60

20

=3 Al

253
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Exercise 69

1.

The number of products produced by a machine operator is studied. A sample of 30
observations is recorded on 30 different weeks. Let X be the number of products
produced by the machine operator in a particular week. It is given that s =5.

(a) Find s ,.

2]
Let X be the mean of the sample. It is also given that there are 1770 products produced
by the machine operator in these 30 weeks.

(b) Find an unbiased estimate of the population mean.

2]

The number of complaint calls in a customer service department is studied. A sample of

25 observations is recorded on 25 different working days. It is given that s, =1.25.

(@)  Find s_.

2]
It is also given that an unbiased estimate of the population mean is 7.8.
(b) Find the total number of complaint calls in the department in these 25 working

days.

[2]
A random sample of size 60 is taken from a population. It is given that s, =2.37.
(a) Find s, .

[2]
It is also given that an unbiased estimate of the population mean is —3.8.
(b) Find the total sum of numbers in the sample.

[2]

SE Production Limited



An investigation was carried out into the number of seconds that cargo trains are late in
departing. A random sample of n cargo trains is observed. Let X be the number of

seconds that a cargo train is late in departing. It is given that X =16.6, s> =3.27 and
s;, =33,

(a) Write down an unbiased estimate of
(1) the population mean;
(i1) the population variance.

(2]
(b)  Find n.
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17

Interval Estimation

Chapter

SUMMARY POINTs

(1-a)% confidence interval for population mean x when the population

variance o is known:
X+ X+t X

: Sample mean

(o2 [04
-— |, where P| Z>z, |==
2 \/"j [ zj 2

2z - Interval width

5 n

(1-a)% confidence interval for population mean x when the population

variance o? is unknown:

Snt ] where P()? > ¢

<

: Interval width

Solutions of Chapter 17
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70 Paper 1 - Confidence Intervals

The noon temperature, in degree Celsius, in a city through the year is studied. A sample
of 10 observations is recorded on 10 different days, recorded as below:

18.5,19.4,20.1,22.3,19.5,24.1,23.4,17.9,21.5,23.3

(a) Find an unbiased estimate of the population mean.
[2]
(b) Find s, .
2]
(c) Construct a 95% confidence interval for the population mean, giving the answer
to three decimal places.

[2]
(a) An unbiased estimate
18.5+19.4+.--+23.3
= + 1; + (A1) for correct approach
=21°C Al
2]
(18.5-21)" +(19.4—21)
~-+(23.3-21)
(b) s = Rl T ) (A1) for correct approach
s, =2.213092356 "C
s, =221"°C Al
(2]
(c) 95% confidence interval:
(19.417, 22.583) A2
2]
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Exercise 70

1.

The weight of a margarine block, in grams, produced in a production line is studied. A
sample of 12 observations is recorded as below:

300, 302, 308, 305, 297, 301, 504, 501, 495, 498, 510, 491

(a) Find an unbiased estimate of the population mean.

[2]
(b)  Find s, ,.

[2]
(c) Construct a 99% confidence interval for the population mean, giving the answer
to two decimal places.

2]

The time to install a program, in seconds, for a group of computers is studied. A sample
of 6 observations is recorded as below:

66, 50, 34, 51, 71, 52

(a) Find an unbiased estimate of the population mean.
(2]

It is given that the population variance is o =1.01s.

(b) Construct a 95% confidence interval for the population mean, giving the answer
to three decimal places.

[2]

Suki frequently travels from home to cinema. On n randomly selected occasions the
journey time ¢ minutes was recorded. It is given that / =20 minutes, o =3 minutes and

the total time used in these n journeys is 500 minutes.

(a) Find n.
2]
(b) Construct a 90% confidence interval for the population mean, giving the answer
to three decimal places.
2]
() Hence, write down the interval width of the confidence interval, giving the answer
to three decimal places.

[1]
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The weight w of a bronze container, in kilograms, produced in a factory is studied. A

random sample of n containers was weighed. It is given that w=70kg, s, , =3kg and
, _16 ,
n-1— _Sn :
15
(a) Find n.
[3]
(b) Construct a 90% confidence interval for the population mean, giving the answer

(©)

to three decimal places.

2]
Hence, write down the interval width of the confidence interval, giving the answer
to two decimal places.

[1]
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71 Paper 1 - Standard Deviations

The height of an orchid, in centimetres, from a store is studied. A random sample of 20
orchids is measured. It is given that the 95% confidence interval for the population mean
is (21.75,22.35).

(a) Find an unbiased estimate of the population mean.

[2]

Let o be the known population variance.

(b)  Find o.

(a) An unbiased estimate

=X (A1) for correct approach
_ 21.75+22.35
2
=22.05cm Al
2]
b)  22.35-21.75 =2(1.959963986)[%) MIAl
0 =0.6845231831cm
o =0.685cm Al

260

SE Production Limited



Exercise 71

1.

The Body Mass Index (BMI) of a group of patients in a ward is studied. 8 patients are
randomly selected and their BMIs are measured. It is given that the 99% confidence
interval for the population mean is (18.25, 23.05).

(a) Find an unbiased estimate of the population mean.

Let o be the known population variance.

(b) Find o.

[3]
The number of goals in a league in the past few years is studied. 25 games are randomly
selected and the numbers of goals are recorded. It is given that the 95% confidence
interval for the population mean is (2.995, 3.365).

(a) Find an unbiased estimate of the population mean.

[2]
(b) Find s, ,.

[3]
The length of a rope, in centimetres, sold in a store is studied. 16 ropes are randomly
selected and the corresponding lengths are measured. It is given that the sample mean is
37.5 cm and the width of the 95% confidence interval for the population mean is 2.2 cm.

(a) Explain why the 90% confidence interval for the population mean is a subset of
the 95% confidence interval for the population mean.

[1]
(b) Write down the 95% confidence interval for the population mean.

[1]
(c) Find s, ;.

3]
The width of a board, in centimetres, sold in a bazaar is studied. 9 boards are randomly
selected and the corresponding widths are measured. It is given that the sample mean is
198 cm and the width of the 99% confidence interval for the population mean is 12.8 cm.

(a) Explain why the 95% confidence interval for the population mean is a subset of
the 99% confidence interval for the population mean.

[1]

(b) Write down the 99% confidence interval for the population mean.
[1]

Let o be the known population variance.

(c) Find o .
[3]
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Chapter

Bivariate Analysis

SUMMARY POINTs

Coefficient of determination:
R*: Coefficient of determination
R*>% of the variability of the data can be explained by the regression model

Sum of square residuals:

x X, X,

y g )
Predicted value of y » Vs

1< A .

S8, ==>_(y,— )" : Sum of square residuals
i=1

Non-linear regressions:
1. Quadratic regression : Logarithmic regression
2 Cubic regression . Power regression
3. Quartic regression : Logistic regression
4

Exponential regression

Solutions of Chapter 18
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72 Paper 1 - Coefficient of Determination

The evaporation rates of six different chemical solutions are studied. Six different
chemical solutions are stored in six different beakers. The storage time x (in days) and
the corresponding loss in evaporation y (in mL) are shown in the following table.

Storage time (x days) 5 7 9 12 13 13
Loss in evaporation (y mL) 8 8 7 11 21 18

(a)  The relationship between the variables is modelled by the regression equation
y=ax+b.

(1) Write down the value of ¢ and of b.

(i1) Hence, estimate the loss in evaporation of a solution when it is stored for

10 days.
[4]
(b) (1) Write down the correlation coefficient.
(i1) Write down the coefficient of determination.
(ii1))  Hence, interpret the coefficient of determination.
[3]
(a) (1) a=1.410557185
a=141 Al
b=-1.703812317
b=-1.70 Al
(i1) The estimated loss
=1.410557185(10)—1.703812317 (A1) for substitution
=12.40175953 mL
=12.4mL Al
[4]

www.seprodstore.com

263

18



Your Practice Set — Applications and Interpretation for IBDP Mathematics

(b)

(@)

(i)

(iii)

Exercise 72

1. The following table shows the age of a car x (in years) and the corresponding distance
travelled y (in km).

r=0.8042297654
r=0.804 Al

R* =0.6467855156
R*=0.647 Al

64.7% of the variability of the data is
explained by the regression model. Al

Age of a car (x years) 3 5 7 9 10 10

Distance travelled (y km) | 26000 | 28000 | 49000 | 47000 | 58000 | 82000

(2)

(b)

264

The relationship between the variables is modelled by the regression equation

y=ax+b.
(1) Write down the value of ¢ and of b, giving the answers correct to the
nearest integer.
(i1) Hence, estimate the distance travelled of a car when its age is 4.5 years.
[4]
(1) Write down the correlation coefficient.
(i1) Write down the coefficient of determination.
(iii))  Hence, interpret the coefficient of determination.
[3]
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2. The following table shows the age of a silver coin x (in years) and the corresponding
pure weight y (in g).

Age of a silver coin (x years) 13 16 19 23 28
Pure weight (y g) 6 7 5 4.8 4.6

(a)  The relationship between the variables is modelled by the regression equation
y=ax+b.

(1) Write down the value of ¢ and of b.

(11) Hence, estimate the pure weight of a silver coin when it is a
quarter-century old.

(b) (1) Write down the correlation coefficient.
(i1) Write down the coefficient of determination.

(ii1))  Hence, interpret the coefficient of determination.

31 |18

3. The expenditures of a group of market customers are studied. The following table shows
the times x (in minutes) of six customers spent in a market and their corresponding
expenditures y (in USD).

Time spent (x minutes) 47 28 35 7 11 50
Expenditure (y USD) 50 50 42 16 5 15

(a)  The relationship between the variables is modelled by the regression equation
y=ax+b.

(1) Write down the value of @ and of b.

(i1) Explain what the gradient a represents.

[3]
(b) (1) Write down the correlation coefficient.
(i1) Write down the coefficient of determination.
(iii))  Hence, interpret the coefficient of determination.
[3]
265
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4. The following table shows the annual rainfall x (in cm) of a region in 5 different years

and the corresponding annual corn yield rate y (in %yr ™).

Annual rainfall (x cm) 57 55 53 51 49
Annual corn yield rate (y %yr ™) 6 59 5.4 5.4 5.15
(a)  The relationship between the variables is modelled by the regression equation
y=ax+b.
(1) Write down the value of ¢ and of b.
(i1) Explain what the intercept b represents.
[3]
(b) (1) Write down the correlation coefficient.
(i1) Write down the coefficient of determination.
(ii1))  Hence, interpret the coefficient of determination.
[3]
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73 Paper 1 - Sum of Square Residuals

The distances travelled of a group of buses are studied. The following table shows the
distances travelled x (in km) of five buses and the corresponding amounts of fuel
required y (in L).

Distance travelled (x km) 100 105 140 153 180

Amount of fuel required (y L) 32 38 46 50 60

It is suggested that the relationship between the variables can be modelled by the
regression equation y =0.3x+2.

(a) Use the suggested model to write down the estimated amount of fuel required
when a bus is travelled by
(1) 100 km;
(i1) 105 km;
(i) 153 km.
[3]
(b)  Hence, calculate SS,, the sum of square residuals.
2]
It is given that the coefficient of determination of this model is 0.976.
(c) Interpret the coefficient of determination.
[1]
(a) (1) 32L Al
(i) 335L Al
(i) 425L Al
[3]
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SS . =(32-32)* +(33.5-38)

(b)  +((0.3(140) +2) —46)” +(42.5-50)° (A1) for correct approach
+((0.3(180) +2) — 60)
SS ., =845 Al
[2]
(c) 97.6% of the variability of the data is explained by
the regression model. Al
[1]
1. The monthly rent prices of several flats are studied. The following table shows the

distances x (in km) of five flats from the central railway station and the corresponding
monthly rent prices y (in USD).

Distance (x km) 0.2 0.5 0.8 1.2 1.7
Monthly rent price (y USD) 1100 900 850 500 530

It is suggested that the relationship between the variables can be modelled by the
regression equation y =-400x+1130.

(a) Use the suggested model to write down the estimated monthly rent price of a flat
when the distance between the flat and the central railway station is

(1) 0.2 km;
(i) 0.8 km;
(i) 1.7 km.
[3]
(b)  Hence, calculate SS,, , the sum of square residuals.
2]

It is given that the coefficient of determination of this model is 0.872.

(©) Interpret the coefficient of determination.

[1]
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The following table shows the times x (in hours) of six students spending on revision
and the corresponding test results y (in marks).

Revision time (x hours) 1.5 3.5 5 5.5 6 7.5
Test result () marks) 60 75 85 75 70 75

It is suggested that the relationship between the variables can be modelled by the
regression equation y=—1.15x" +12.5x+45.

(a) Use the suggested model to write down the estimated test result of a student when
the revision time spent by the student is

(1) 3.5 hours;
(i1) 5.5 hours;
(ii1)) 7.5 hours,

giving the answers in exact values.

[3]
(b)  Hence, calculate SS,, the sum of square residuals.

2]
It is given that the coefficient of determination of this model is 0.632.
(©) Interpret the coefficient of determination.

[1]
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3. The lengths and weights of a group of salmons are studied. The following table shows the
lengths x (in cm) of three salmons and the corresponding weights y (in g).

Length (x cm) 70 80 90
Weight (y g) 6700 | 7400 | 7500

Two different models are suggested to model the relationship between the variables. The
following table shows the estimated weights under two models:

Weight (y g) estimated by
Model 1 Model 2
Length (xcm) | »=40x+4000 | y=4600-1.01"
70 6800 a
80 b 4600-1.01%
90 7600 ¢

(a) Write down the values of

() a;
(i)  b;
(i) ¢,

giving the answers correct to the nearest integer.

[3]
(b) Hence, calculate SS

res

the sum of square residuals of the Model 1.

[2]
The model with the smaller sum of square residuals is selected. It is given that the sum of
square residuals of the Model 2 is 28400000.

(c) Determine which model is selected.

SE Production Limited



The following table shows the lengths x (in cm) of the right feet of three students and the
corresponding heights y (in cm).

Right foot length (x cm) 26 24 22
Height (y cm) 140 130 135

Two different models are suggested to model the relationship between the variables. The
following table shows the estimated heights under two models:

Height (y cm) estimated by
Model 1 Model 2
Right foot length (x cm) | y=2x>-90x+1200 | »=100-1.02"
26 a 100-1.02%
24 b 100-1.02*
22 188 c

(a) Write down the values of

H  a 18
(i)  b;
(i) c,

giving the answers correct to the nearest integer.
[3]

(b) Hence, calculate SS_ , the sum of square residuals of the Model 2.

res

[2]
The model with the smaller sum of square residuals is selected. It is given that the sum of
square residuals of the Model 1 is 11837.

(c) Determine which model is selected.

271
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74 Paper 1 - Non-Linear Regressions

The noon temperatures of some towns are studied. The following table shows the altitude
x (in m) of five towns and the corresponding noon temperature y (in °C).

Altitude (x m) 50 100 150 200 250
Noon temperature (y °C) 24 26 32 33 32

It is suggested that the relationship between the variables can be modelled by the

regression equation y =ax’ +bx+c, where a, b, ceR.

(a) (1) Write down the least square regression curve for the noon temperature,
giving the coefficients correct to 3 significant figures if necessary.

(i1) Hence, estimate the noon temperature of a town of altitude 125 m.

[4]
(b) (1) Write down the coefficient of determination.
(1))  Hence, interpret the coefficient of determination.
[2]
(a) (1) y=-0.000371x" +0.153x+17 A2
(i1) The estimated noon temperature
=-0.0003714285714(125)
’ 714(125) (A1) for substitution
+0.1534285714(125)+17
=30.375°C
=30.4°C Al
[4]
(b) (1) R* =0.9889336016
R*=0.989 Al
(i1) 98.9% of the variability of the data is
explained by the regression model. Al
(2]
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Exercise 74

1.

The heights and weights of a group of children are studied. The following table shows the

heights x (in cm) of five children and the corresponding weights y (in kg).

Height (x cm) 140 145 150 155 160

Weight (y kg) 55 61 58 56 58

It is suggested that the relationship between the variables can be modelled by the

regression equation y =ax’ +bx’ +cx+d, where a, b, c, d eR.

(a) (1) Write down the least square regression curve for the weight of children,
giving the coefficients correct to 3 significant figures if necessary.
(i1) Hence, estimate the weight of a child of height 148 cm.
[4]
(b) (1) Write down the coefficient of determination.
(i1) Hence, interpret the coefficient of determination.
(2]
The ages and weights of a group of turtles are studied. The following table shows the
ages x (in years old) of four turtles and the corresponding weights y (in g).
Age (x years old) 0.5 1 1.5 2
Weight (v g) 20 25 30 23
It is suggested that the relationship between the variables can be modelled by the
regression equation y = ax”, where a, beR.
(a) (1) Write down the least square regression curve for the weight of turtles,
giving the coefficients correct to 3 significant figures if necessary.
(1))  Hence, estimate the weight of a turtle of age 1.25 years old.
[4]
(b) (1) Write down the coefficient of determination.
(i1) Hence, interpret the coefficient of determination.
[2]
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The performance of a football team is studied. The following table shows the number of
goals scored x of the team in five matches and the number of goals conceded y in the

matches.
Number of goals scored (x) 1 2 1 2 3
Number of goals conceded ( y) 1 4 2 5 8

It is suggested that the relationship between the variables can be modelled by the

regression equation y =ax’ +bx+c, where a, b, ceR.

(a) (1) Write down the least square regression curve for the number of goals
conceded.

(i1) Write down the coefficient of determination.

[3]
(b)  Write down SS, , the sum of square residuals.
2]
. 2 SS
(c) Byusing R =1- SS”S , find SS,,, the total sum of squares.
tot
2]
The relationship between the cost and the revenue of the products in a company is
studied. The following table shows the cost x (in EUR) of the four products in the
company and the corresponding revenue y (in EUR).
Cost (x EUR) 3 4 5 6
Revenue (y EUR) 6 8 11 15
It is suggested that the relationship between the variables can be modelled by the
regression equation y=a-b", where a, beR.
(a) (1) Write down the least square regression curve for the revenue of products.
(i1) Write down the coefficient of determination, giving the answer in five
decimal places.
[3]
(b)  Write down SS, , the sum of square residuals.
[2]
. ) SS
(c) By using R =1— F’“ , find SS,,, the total sum of squares.
tot
[2]
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Chapter

Statistical Tests

SUMMARY POINTs

More about y° test for independence and y* goodness of fit test:

All expected frequencies E, should be greater than 5

Z test when the population variance & is known:

4. Population mean

Hy: p=

H: p>py, <y, (for 1-tailed test), u# u, (for 2-tailed test)
H, is rejected if the p -value is less than the significance level

H, is not rejected if the p -value is greater than the significance level

One sample ¢ test when the population variance & is unknown:
4 : Population mean

Hy: p=p,

H: u>py, <y, (for 1-tailed test), u# u, (for 2-tailed test)

H, is rejected if the p -value is less than the significance level

H, is not rejected if the p -value is greater than the significance level

275
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SUMMARY POINTs

Paired ¢ test:

d =x—y: Difference between each pair of data from two variables x and y
Hy: pu,=0

H;:pw,>0, u, <0 (for 1-tailed test), u, #0 (for 2-tailed test)

H, is rejected if the p -value is less than the significance level

H, is not rejected if the p -value is greater than the significance level

Test involving binomial distribution:

X ~B(n, p)

H,: p=p,

Hi:p>py p<p,

x: Observed value of X

P(X=x) for H: p>p, or P(X <x)for H,: p<p,: p-valueunder X ~B(n, p,)
H, is rejected if the p -value is less than the significance level

H, is not rejected if the p -value is greater than the significance level

Test involving Poisson distribution:

X ~Po(A)

H,: =1,

H:A>4,, A<4

x: Observed value of X

P(X>x) for H: 1> 4, or P(X <x)for H,: A</,: p-value under X ~Po(4,)

H, is rejected if the p -value is less than the significance level

H, is not rejected if the p -value is greater than the significance level
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SUMMARY POINTs

Test involving bivariate normal distribution:
p: Product moment correlation coefficient
H,: p=0

H;: p>0, p<0 (for 1-tailed test), p#0 (for 2-tailed test)

H, is rejected if the p -value is less than the significance level

H, is not rejected if the p -value is greater than the significance level

Type I and type II errors:
a : Significance level

P(Reject H, | H, is true) = Type I error
P(Not reject H,, | H,, is not true) : Type II error

Solutions of Chapter 19
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7 5 Paper 1 - Goodness-Of-Fit Test

In an experiment, an unbiased six-sided die with faces 0, 1, 2, 3, 4 and 5 is tossed for 100

times. The following table shows the frequencies of the outcomes:

A y* goodness of fit test is conducted at a 5% significance level to determine whether

Outcome 0 1 2 3

4

5

Frequency 6 15 22 29

13

15

the data can be modelled by Poisson distribution with mean 3.

(a)
(b)

(©)

Write down the null hypothesis of the test.

(1) Write down the value of the expected frequency of the outcome “0”.

(i1) Hence, write down the degree of freedom of the test.

Find the value of y_,, the test statistic.

The critical value is given by 9.488.

(d)

(a)

(b)

(©)
(d)

State the conclusion of the test with a reason.

H : The data follows a Poisson distribution with

mean 3.

(1) 4.97
(i) 4
3.52

The null hypothesis is not rejected.
As y°, <9.488.

calc
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Exercise 75

1.

The following table shows the number of accidents on a highway in the last 120 days:

Number of accidents 0 1 2 3 4 or more
Number of days 40 25 40 13 2

A y* goodness of fit test is conducted at a 10% significance level to determine whether

the data can be modelled by Poisson distribution with mean 2.
(a) Write down the null hypothesis of the test.
(b) Write down the value of the expected frequency of the category “4 or more”.

(c) Write down the degree of freedom of the test.

(d) Find the value of x>, , the test statistic.

cale >

(2]
The critical value is given by 7.779.
(e) State the conclusion of the test with a reason.

2]
The following table shows the number of goals conceded by a goalkeeper in 100
matches:

Number of goals conceded 0 1 2 3 4
Frequency 4 18 35 21 17

A y* goodness of fit test is conducted at a 5% significance level to determine whether
the data can be modelled by Binomial distribution with parameters B(5, 0.4) .
(a) Write down the null hypothesis of the test.

[1]
(b) (1) Write down the value of the expected frequency of the category “5”.

(i1))  Hence, write down the degree of freedom of the test.

2]
(c) Find the value of y’,., the test statistic.

2]
The critical value is given by 9.488.
(d) State the conclusion of the test with a reason.

[2]
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3.

The following table shows the inner diameters of 60 plastic tubes produced in a factory:

Inner diameter (mm) | d <10 | 10<d <12 | 12<d <14 | d >14
Frequency 7 16 22 15

A y* goodness of fit test is conducted at a 5% significance level to determine whether

the data can be modelled by Normal distribution with parameters N(13, 4).

(a) Write down the null hypothesis of the test.

[1]
(b) (1) Write down the value of the expected frequency of the category “d <10 .

(i1))  Hence, write down the degree of freedom of the test.

[2]
(c) Find the p -value.

[2]
(d) State the conclusion of the test with a reason.

[2]

The following table shows the weights of 300 cats living in a castle:

Weight (kg) w<3 | 3<w<35 | 355w<4 w>4
Frequency 49 131 83 37

A y* goodness of fit test is conducted at a 1% significance level to determine whether
the data can be modelled by Normal distribution with parameters N(3.4, 0.15).

(a) Write down the null hypothesis of the test.

[1]
(b) Write down the value of the expected frequency of the category “w >4,

[1]
(c) Write down the degree of freedom of the test.

[1]
(d) Find the p -value.

[2]
(e) State the conclusion of the test with a reason.

[2]
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76 Paper 1 - Z-Test

The lengths of pencils produced in a factory is studied. It is given that the population
standard deviation of the length is 0.1 cm. 50 pencils are randomly selected to form a
sample such that the sample mean is 15.05 cm. Norman claims that the population mean
4 1s greater than 15 cm.

A hypothesis test is conducted at a 5% significance level to test Norman’s claim.
(a) (1) Write down the null hypothesis of the test.

(i)  Write down the alternative hypothesis of the test.

[2]
(b) Find the p -value.
[2]
(©) State the conclusion of the test with a reason.
[2]
(a) (1) H,: u=15 Al
(i1) H : u>15 Al
[2]
(b) p-value =0.0002035177224 (A1) for correct value
p-value =0.000204 Al
[2]
(c) The null hypothesis is rejected. Al
As p-value <0.05. Al
[2]
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Exercise 76

1.

The amount of chemical in a substance is being studied. It is given that the population
standard deviation of the amount of chemical is 3.1 mg. 60 samples of the substances are
randomly selected such that the sample mean of the amount of chemical is 16.2 mg. A
hypothesis test is conducted at a 5% significance level to test whether the population
mean y differs from 17 mg.

(a) (1) Write down the null hypothesis of the test.

(i)  Write down the alternative hypothesis of the test.

[2]
(b) Find the p -value.

[2]
(c) State the conclusion of the test with a reason.

[2]

The numbers of chocolate balls in gift boxes is being studied. It is given that the
population variance of the number of chocolate balls is 4. Eighty gift boxes are randomly
selected to form a sample such that the sample mean number of chocolate balls in each
box is 27.95. Gordon claims that the population mean number of chocolate balls x is less

than 28.
A hypothesis test is conducted at a 10% significance level to test Gordon’s claim.
(a) (1) Write down the null hypothesis of the test.

(i1) Write down the alternative hypothesis of the test.

2]
(b) Find the p -value.

2]
(c) State the conclusion of the test with a reason.

[2]

The scores of a survey about the performance of a singer is being studied. It is given that
the population variance of the scores is 3. 16 surveys are randomly selected to form a
sample, as shown as follows:

7 9 8 5 3 6 10 10
10 8 7 10 4 9 7 2

A hypothesis test is conducted at a 5% significance level to test whether the population
mean score 4 is greater than 7.

SE Production Limited



(a) (1) Write down the null hypothesis of the test.

(11) Write down the alternative hypothesis of the test.
(b) (1) Write down the sample mean.

(i1) Hence, find the test statistic z .
The critical value is given by 1.645.

(c) State the conclusion of the test with a reason.

[2]

The numbers of passengers passing a boarding gate is being studied. It is given that the
population variance of the number of passengers is 28.

24 daily records of the number of passengers passing the boarding gate are randomly
selected to form a sample, as shown as follows:

98 102 122 111 105 140 93 101
107 111 97 108 96 102 94 120
118 108 105 103 104 95 111 93

A hypothesis test is conducted at a 2% significance level to test whether the population
mean number of passengers passing the boarding gate u is different from 100, the target

number of passengers in an advertisement.
(a) (1) Write down the null hypothesis of the test.

(i1))  Write down the alternative hypothesis of the test.

[2]
(b) (1) Write down the sample mean.
(i1))  Hence, find the test statistic z .
[3]
The null hypothesis is not rejected if |z| <2.326.
(c) State the conclusion of the test with a reason.
[2]
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7 7 Paper 1 - Paired t-Test

In a library, the habit of reading books of young people is investigated. The table below
shows the number of fiction books read by the same group of 8 people in two consecutive

months. At the end of each month, they are required to complete a survey about the

number of fiction books read.

in the second month ( y)

Person A B C D E F G H
Number of fictions read
4 2 1 2 1
in the first month (x) 6 8 3
Number of fictions read
7 10 4 5 1 2 5 4

The library manager wants to investigate whether there is an increase in the number of

fiction books read on average. A paired ¢ -test is conducted at a 5% significance level.

Define d=x—y.

(a) (1) Write down the null hypothesis of the test.

(i)  Write down the alternative hypothesis of the test.

(b) Find the p -value.

(c) Write down the value of 7, the test statistic.

(d) State the conclusion of the test with a reason.

284
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(i1) H:u, <0

Hy: n,=0

(b)  p-value =0.0225860627

p-value =0.0226

(c) -2.43

(d) The null hypothesis is rejected.
As p-value <0.05.

Exercise 77

1.

Al

Al

(A1) for correct value
Al

Al

Al
Al

(2]

(2]

(1]

(2]

The table below shows the typing speed (words per minute) of a group of 7 students in a

vocational training school before and after training:

Student

A

B

C

Typing speed
before training
(x words per minute)

37

31

35

42

18 15 26

Typing speed
after training
(v words per minute)

33

49

59

42

34 25 42

The curriculum development officer of the school wants to investigate whether on

average the students show improvement after training. A paired ¢ -test is conducted at a

1% significance level. Define d =x—y .

(a) Write down the alternative hypothesis of the test.

(b) Find the p -value.

(c) Write down the value of 7, the test statistic.

(d) State the conclusion of the test with a reason.
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Two surveys are conducted to measure the students’ satisfaction on the services provided
by the sports centre. A score from 0 to 10 is used in the surveys, where 0 represents
absolute dissatisfaction and 10 represents absolute satisfaction. The table below shows
the results of the surveys completed by 8 students:

Student A B C D E F G H

Scores from the

1 1
first survey (x) 8 0 8 ? 0 6 3 3

second survey ()

Scores from the
6 10 7 5 9 6 5 3

The student union committee members want to investigate whether the mean scores of
the second survey is lower. A paired ¢ -test is conducted at a 5% significance level.
Define d =x—y.

(a) Write down the alternative hypothesis of the test.

(b) Find the p -value.

(c) Write down the value of 7, the test statistic.

(d) State the conclusion of the test with a reason.

A teacher wants to know whether the supplementary lessons between the mock
examination and the official examination can improve students’ mean score in the official
examination. The table below shows the scores (out of 100) of 9 students in two
examinations:

Student A B C D E F G H I

Mock exam score (x) 45 55 83 79 82 62 67 80 75

Official examscore (y) | 37 | 52 | 61 | 90 | 94 | 96 | 87 | 71 81

An appropriate test is conducted at a 10% significance level.
(a) (1) Write down the null hypothesis of the test.
(i1))  Write down the alternative hypothesis of the test.

(2]
(b) Find the p -value.
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(c) State the conclusion of the test with a reason.

[2]

One student is randomly selected.

(d) Write the probability that the improvement of the score of the student is greater
than 6 marks.

[1]

A social work is investigating whether organizing an anti-smoking event in public can
decrease the mean smoking rates of citizens. The table below shows the number of times
for 6 different people to smoke in a day before the anti-smoking event ( x ) and after the
anti-smoking event ( y ):

Person A B C D E
13
After anti-smoking event 5 6 10 3 2

~J
W
N

Before anti-smoking event | 11

An appropriate test is conducted at a 5% significance level.
(a) (1) Write down the null hypothesis of the test.

(i)  Write down the alternative hypothesis of the test.

[2]
(b) Find the p -value.

[2]
(c) State the conclusion of the test with a reason.

[2]

Two people are randomly selected.

(d) Find the probability that both of them have smaller numbers of times for smoking
after the anti-smoking event.

[2]
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78 Paper 1 - Binomial and Poisson Variables

A coin is tossed for 500 times. From the observation, 286 results are shown as ‘Head’s.

A hypothesis test is conducted at a 5% significance level to test whether the coin is biased
such that the probability of getting a ‘Head’ is larger.

(a) (1) Write down the null hypothesis of the test.

(i1) Write down the alternative hypothesis of the test.

2]
(b) Find the p -value.
2]
(c) State the conclusion of the test with a reason.
2]
(a) (1) H;: p=05 Al
(i1) H:p>05 Al
2]
(b) P(X >286)=1—-P(X <285) (M1) for valid approach
P(X >286) =0.0007362287541
Thus, the p -value is 0.000736. Al
2]
(c) The null hypothesis is rejected. Al
As p-value <0.05. Al
(2]
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Exercise 78

1.

A die is tossed for 840 times. From the observation, 99 results are shown as ‘1°s.

A hypothesis test is conducted at a 1% significance level to test whether the die is biased
such that the probability of getting a ‘1 is less than 0.15.

(a) (1) Write down the null hypothesis of the test.

(11) Write down the alternative hypothesis of the test.

[2]
(b) Find the p -value.

[2]
(c) State the conclusion of the test with a reason.

[2]

The number of phone calls received by a customer service counter per hour follows a
Poisson distribution with mean A . In a particular hour, there were 13 phone calls.

A hypothesis test is conducted at a 5% significance level to test whether A is greater than
10.

(a) (1) Write down the null hypothesis of the test.

(11) Write down the alternative hypothesis of the test.

[2]
(b) Find the p -value.

[2]
(c) State the conclusion of the test with a reason.

[2]

The number of defective items of a supply chain is studied. A sample of 100 items are
selected and » items are found to be defective.

A hypothesis test is conducted at a 5% significance level to test whether the proportion of
defective items is greater than 0.03.

(a) (1) Write down the null hypothesis of the test.

(11) Write down the alternative hypothesis of the test.
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Consider the following table:

X ~B(100, 0.03)
PO<X<4) | 08178548035

P(X =5) 0.101308065
P(X =6) 0.0496096195
P(X =7) 0.0206037006

P@<X<100) | 0.0106238089

(b) (1) Find the least value of n such that the null hypothesis of the test is
rejected.

(i1) Hence, write down the greatest value of »n such that the null
hypothesis of the test is not rejected.

[3]

4. The number of online transactions per day follows a Poisson distribution with mean A . It
is found that there are n online transactions on a particular day.

A hypothesis test is conducted at a 1% significance level to test whether A is greater than
2.5.

(a) (1) Write down the null hypothesis of the test.

(i1) Write down the alternative hypothesis of the test.

2]
Consider the following table:
X ~Po(2.5)
P(O<X<5) | 09579789618
P(X =6) 0.0278337262
P(X=7) 0.0099406165
P(X =8) 0.0031064427
P(X>9) 0.0011402528
(b) (1) Find the least value of n such that the null hypothesis of the test is
rejected.
(i1) Hence, write down the greatest value of »n such that the null
hypothesis of the test is not rejected.
[3]
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7 9 Paper 2 - Type I and Type II Errors

The random variable X follows a Poisson distribution with parameter A, representing
the rate of occurrences of an event per hour.

A hypothesis test is conducted at a particular significance level to test whether A is less
than 5.

(a) (1) Write down the null hypothesis of the test.
(i1))  Write down the alternative hypothesis of the test.
[2]
The null hypothesis is rejected if it is observed that at most one occurrence of the event is

observed in a particular hour.

(b) Find the probability that a Type I error is made.

2]
The actually value of 4 is 6.
(c) Find the probability that a Type II error is made.

2]
Another random variable Y follows a Binomial distribution with parameters » and ¢,
representing the number of trials in an experiment and the probability of success of an
event respectively.
A hypothesis test is conducted at a 5% significance level to test whether ¢ is less than
0.25. From a random sample of size 20, there are 3 observed successes.
(d) Write down the critical region for testing ¢, giving the answer in the form

a<Y<bh.

(2]
(e) Find the p -value.

[2]
® State the conclusion of the test with a reason.

(2]
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(a)

(b)

(©)

(d)

(e)

)

()  H,: A=5

(i) H: A<5

The required probability
=P(X<1|A=5)
=0.040427682
=0.0404

The required probability
=P(X>2|1=6)
=1-P(X <1|1=6)
=0.9826487348
=0.983

0<Y<I

P(Y <3)=0.2251560477

Thus, the p -value is 0.225.

The null hypothesis is not rejected.

As p-value >0.05.

SE Production Limited
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Exercise 79

1.

The random variable X follows a Poisson distribution with parameter A, representing
the rate of occurrences of an event per day.

A hypothesis test is conducted at a particular significance level to test whether A is
greater than 9.

(a) (1) Write down the null hypothesis of the test.
(i1))  Write down the alternative hypothesis of the test.
2]
The null hypothesis is rejected if it is observed that at least 14 occurrences of the event is

observed in a particular day.

(b) Find the probability that a Type I error is made.

(2]
The actually value of 4 is 13.
(c) Find the probability that a Type II error is made.

2]
Another random variable Y follows a Binomial distribution with parameters » and ¢,
representing the number of trials in an experiment and the probability of success of an
event respectively.
A hypothesis test is conducted at a 1% significance level to test whether ¢ is less than
0.12. From a random sample of size 100, there are 6 observed successes.
(d) Write down the critical region for testing ¢, giving the answer in the form

a<Y<h.

2]
(e) Find the p -value.

[2]
() State the conclusion of the test with a reason.

2]
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The random variable X follows a Binomial distribution with parameters 50 and ¢,

representing the number of trials in an experiment and the probability of success of an
event respectively.

A hypothesis test is conducted at a particular significance level to test whether ¢ is
greater than 0.92.

(a) (1) Write down the null hypothesis of the test.
(i)  Write down the alternative hypothesis of the test.
2]
The null hypothesis is rejected if it is observed that at least 49 successes are observed out
of 50 trials.

(b) Find the probability that a Type I error is made.

The actually value of ¢ is 0.94.

(c) Find the probability that a Type II error is made.

Another random variable Y follows a Poisson distribution with parameter A,
representing the rate of occurrences of an event per day.

A hypothesis test is conducted at a 5% significance level to test whether A is greater than
3. It is observed that 5 occurrences of the event is observed in a particular day.

(d) Write down the critical region for testing A, giving the answer in the form Y >a.

[2]
(e) Find the p -value.

[2]
® State the conclusion of the test with a reason.

[2]
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The random variable X follows a normal distribution with parameter x, where u

represents the mean value of a population. The population variance is 5.

A hypothesis test is conducted at a particular significance level to test whether u is

greater than 250.
(a) (1) Write down the null hypothesis of the test.

(i1) Write down the alternative hypothesis of the test.

2]
The null hypothesis is rejected if it is observed that the mean of a sample of size 25 is
greater than 251.
(b) Find the probability that a Type I error is made.

[2]
The actually value of u is 250.5.
(c) Find the probability that a Type II error is made.

2]

Another random variable Y is normally distributed with parameter A, where A
represents the mean value of a new population. The population variance is 11.

A hypothesis test is conducted at a 5% significance level to test whether A is not equal to
300. It is observed that the mean is 279 in a random sample of size 15.

(d) Write down the critical region for testing A, giving the answer in the form

(Y <aorY>b).
2]
(e) State the conclusion of the test with a reason.
[2]
Assume that the level of significance is changed to 10%.
H Write down the new critical region for testing A, giving the answer in the form
(Y<aorY =b).
[2]
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The random variable X follows a normal distribution with parameter x, where u

represents the mean value of a population. The population variance is 16.

A hypothesis test is conducted at a particular significance level to test whether x is not

equal to 100.
(a) (1) Write down the null hypothesis of the test.
(i1) Write down the alternative hypothesis of the test.
2]
The null hypothesis is rejected if it is observed that the mean of a sample of size 36 is less
than 99 or greater than 101.

(b) Find the probability that a Type I error is made.

The actually value of x is 101.

(c) Find the probability that a Type II error is made.

Another random variable Y is normally distributed with parameter A, where A
represents the mean value of a new population. The population variance is 20.

A hypothesis test is conducted at a 5% significance level to test whether A is less than 25.
It is observed that the mean is 20 in a random sample of size 60.

(d) Write down the critical region for testing A, giving the answer in the form ¥ <a.

2]
(e) State the conclusion of the test with a reason.
(2]
Assume that the level of significance is changed to 1%.
3} Write down the new critical region for testing A, giving the answer in the form
Y<a.
(2]
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Paper 2 - Population Correlation Coefficient

The following table shows the repair cost ($y) of a type of machine of a particular age

(x years).

Age (x years) 3 5 7 10 12
Repair cost ($ ) 500 750 800 1200 | 1800

It is assumed that the two variables follow a bivariate normal distribution with product
moment correlation coefficient p . A hypothesis test is conducted at a 5% significance

level to test whether there is a positive correlation between the two variables.
(a) (1) Write down the null hypothesis of the test.
(i1))  Write down the alternative hypothesis of the test.

(b) Find the p -value.

(c) State the conclusion of the test with a reason.

This data can be modelled by the regression line with equation y =ax+5b.

(d) (1) Write down the value of @ and of b .

(i1) Explain what the gradient a represents.
(e) Use the model to estimate the repair cost of a machine with age 9 years.
63) (1) Write down the correlation coefficient.

(i1) Write down the coefficient of determination.

(iii))  Hence, interpret the coefficient of determination.
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(a)

(b)
(©)

(d)

(e)

9]

298

()  Hy,: p=0
(i) H;:p>0

p-value =0.0055937394
p-value =0.00559

The null hypothesis is rejected.
As p-value <0.05.

()  a=133.0827068
a=133
b=25.18796992
h=252

(11) a represents the average increase of the
repair cost when the age of a machine is

increased by 1 year.

The estimated age
=133.0827068(9) + 25.18796992
=1222.932331

=3$1220

()  r=0.9555151843
r=0.956

(i)  R®=0.9130092674
R*=0913

(111))  91.3% of the variability of the data is
explained by the regression model.

SE Production Limited
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Exercise 80

1.

The following table shows the quiz score (y marks) of a student with revision time

(x hours) .
Revision time (x hours) 2 4 6 8 10 12
Quiz score (y) 90 80 82 60 55 50

It is assumed that the two variables follow a bivariate normal distribution with product
moment correlation coefficient o . A hypothesis test is conducted at a 10% significance

level to test whether there is a negative correlation between the two variables.
(a) (1) Write down the null hypothesis of the test.

(11) Write down the alternative hypothesis of the test.

[2]
(b) Find the p -value.
2]
(c) State the conclusion of the test with a reason.
[2]
This data can be modelled by the regression line with equation y =ax+5b.
(d) (1) Write down the value of @ and of b .
(11) Explain what the intercept b represents.
[3]
(e) Use the model to estimate the quiz score of a student who has revised for 7 hours.
2]
63) (1) Write down the correlation coefficient.
(i1) Write down the coefficient of determination.
(iii)  Hence, interpret the coefficient of determination.
[3]
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2. The following table shows the number of webpages y visited by a student who spend

X minutes to access the internet.

Time (x minutes) 5 10 15 20 25 30

Number of webpages () 4 3 1 16 21 23

It is assumed that the two variables follow a bivariate normal distribution with product
moment correlation coefficient o . A hypothesis test is conducted at a 5% significance

level to test whether there is any correlation between the two variables.

(a) (1) Write down the null hypothesis of the test.
(i1) Write down the alternative hypothesis of the test.
(2]
(b) Find the p -value.
(2]
(c) State the conclusion of the test with a reason.
2]
This data can be modelled by the regression line with equation y =ax+5b.
(d) (1) Write down the value of @ and of b .
(i1) Explain what the gradient a represents.
[3]
(e) Use the model to estimate the number of webpages visited by a student who spend
22 minutes to access the internet, giving the answer correct to the nearest integer.
(2]
() (1) Write down the correlation coefficient.
(i1) Write down the coefficient of determination.
(1i1))  Hence, interpret the coefficient of determination.
[3]
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The following table shows the temperature (y"C) of the motor of a car travelling with

speed (xms™).

Speed (xms™) 30 40 50 60 70
Temperature (y C) 98 122 137 115 100

It is assumed that the two variables follow a bivariate normal distribution with product
moment correlation coefficient p . A hypothesis test is conducted at a 5% significance

level to test whether there is a positive correlation between the two variables.
(a) (1) Write down the null hypothesis of the test.

(i1))  Write down the alternative hypothesis of the test.

[2]
(b) Find the p -value.

2]
(c) State the conclusion of the test with a reason.

[2]
This data is suggested to be modelled by the regression line with equation y =ax+5b.
(d) Is this suggestion a valid approach? Explain your answer.

[2]
(e) (1) Write down the coefficient of determination.

(i1))  Hence, interpret the coefficient of determination.

2]
It is suggested that the relationship between the variables can be modelled by the new
regression equation y =—0.1x" +8x—70.
63 Write down SS,,, , the sum of square residuals.

2]
It is also given that the coefficient of determination under the new model is 0.9037.

. ) SS
(2) By using R =1- SSm , find SS,,, the total sum of squares.
tot
2]
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The following table shows the amount of calories (y kcal) of a particular kind of drinks
of 250 mL containing sugar of amount (x g).

Amount of sugar (x g) 3 6 9 12 15
Amount of calories (y kcal) 120 115 112 100 115

It is assumed that the two variables follow a bivariate normal distribution with product
moment correlation coefficient p . A hypothesis test is conducted at a 10% significance

level to test whether there is a negative correlation between the two variables.
(a) (1) Write down the null hypothesis of the test.

(i1) Write down the alternative hypothesis of the test.

(2]
(b) Find the p -value.

[2]
(c) State the conclusion of the test with a reason.

[2]
This data is suggested to be modelled by the regression line with equation y =ax+5b.
(d) Is this suggestion a valid approach? Explain your answer.

2]
(e) (1) Write down the coefficient of determination.

(i1) Hence, interpret the coefficient of determination.

[2]
It is suggested that the relationship between the variables can be modelled by the new
regression equation y =0.25x" —5x+135.
(H Write down the exact value of SS  , the sum of square residuals.

2]
It is also given that the coefficient of determination under the new model is 0.58.

. 2 SS...
(2) By using R =1-—"% find §S,,, the total sum of squares.
tot
2]
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Chapter

Paper 3 Analysis

SUMMARY POINTs

Nature of paper: Structured question
Time allowed: 60 minutes

Maximum mark: 55 marks

Number of questions: 2

Mark range per question: 25 marks to 30 marks

Weighting: 20% of the total mark
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SUMMARY POINTs
v Ways of assessing:
1. Identify a hypothesis test
2. State
(a) a condition
(b) a reason
(c) an assumption
3. Write down
(@)  thevalue of a quantity
(b)  the formula of a quantity
4, Find
(a) the value of a quantity
(b)  the formula of a quantity
5. Solve an equation
6. Perform a hypothesis test
7. Show
(a) a quantity equals to a value
(b) the formula of a quantity
8. Estimate the value of a quantity
0. Predict the value of a quantity
10.  Sketch a graph
11.  Suggest an improvement
12.  Explain a reason
13.  Describe a result
14.  Verify
(a) the value of a quantity
(b)  the expression of a quantity
15. Comment on

304

(@) the validity of an argument
(b) a statement

Solutions of Chapter 20
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8 1 Paper 3 - Practical Example

Rodrigo and Thiago are two full-time football players in Spain. They are belonged to two

different teams in a football league. As being the main striker of their teams, their
numbers of goals are investigated.

Part I - Models for the Population 1

The following table shows the number of goals x scored by Rodrigo in the football

league each year, where #n is the number of years after 2011:

1 2 3 4 5 6 7 8

10 15 20 27 28 24 18 12

(a)

(b)

The relationship between the variables is modelled by the regression equation

x(n)=an’ +bn+c.

)

2

3)

Write down the values of ¢, b and c.

Hence, estimate the number of goals scored by Rodrigo in 2020, giving 20
the answer correct to the nearest integer.

Comment the validity of this estimation.

A hypothesis test is conducted at a 5% significance level to test the probability of
a shoot tried by Rodrigo converted to a goal is greater than 0.6.

From 2012 to 2019, Rodrigo has tried 251 shoots in total.

(M

2
3)
“)

)

Write down the total number of goals scored by Rodrigo from 2012 to
2019.

Write down the null hypothesis of the test.
Write down the alternative hypothesis of the test.

Find the p -value.

State the conclusion of the test with a reason.
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Part I Solution

(a)

(b)

(M

2

3)

(M

2

3)

“)

)

a=-1.30952381, b=12.28571429, c =—-2.642857143
a=-131, =123, c=-2.64

The estimated number of goals
=—1.30952381(9)" +12.28571429(9) —2.642857143

=1.857142857
=2

This estimation is not valid as this is an extrapolation.
154

H,: p=0.6

H: p>0.6

P(X >154)=1-P(X £153)
P(X >154) =0.3557560215
Thus, the p -value is 0.356.

The null hypothesis is not rejected.
As p-value >0.05.
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Part II - Models for the Population 2

The following table shows the number of goals y scored by Thiago in the football league

each year, where n is the number of years after 2011:

n 1 2 3 4 5 6 7 8
y 12 8 7 18 23 26 22 17

(c) The relationship between the variables is modelled by the regression equation
y(n)=an’ +bn’ +cn+d .

(1) Write down the equation of the least square regression curve, giving the
coefficients correct to 6 significant figures if necessary.

(2) Write down the coefficient of determination.

3) Hence, interpret the coefficient of determination.

Thiago’s personal trainer would like to conduct a y* goodness of fit test at a 10%

significance level to determine if the actual number of goals can be modelled by the
following distribution:

n I 2 [ 3 4 5 6 | 7 8
E

xpected |\ by | g | 1a |20 |21 | 21 | 14 20
frequency

(d) (1) Write down the degree of freedom of the test.
(2)  Find the value of #_, , the test statistic.

The critical value is given by 12.017.

3) State the conclusion of the test with a reason.
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Part II Solution

(©)

(d)

(M

2

3)
(M
2
3)

y(n) =-0.4621212121n" +5.816017316n°
—18.00757576n +24.21428571
y(n)=-0.4621211° +5.81602n° —18.0076n +24.2143

R* =0.9281039957
R*=0.928

92.8% of the variability of the data is explained by the regression model.

9.57

The null hypothesis is not rejected.
As >, <12.017.
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Part III - Combining the Two Populations

Sergio, a football data analyst, is going to investigate the combined data of Rodrigo and
Thiago, summarized as follows:

1 2 3 4 5 6 7 8
X 10 15 20 27 28 24 18 12
y 12 8 7 18 23 26 22 17

Sergio would like to perform a paired ¢ -test at a 5% significance level to determine
whether on average Rodrigo scores more goals than Thiago each year.

(e) (1) Write down the null hypothesis of the test.
2) Write down the alternative hypothesis of the test.

3) Find the p -value.

4) Write down the value of ¢, the ¢ -statistic.

%) State the conclusion of the test with a reason.

The product moment correlation coefficient of the numbers of goals scored by the two
players is p . Sergio would also like to perform a hypothesis test at a 10% significance

level to test whether there is a positive correlation between the two variables.

20

63) (1) State an assumption for testing p .
2) Write down the null hypothesis of the test.
3) Write down the alternative hypothesis of the test.

4) Find the p -value.

%) State the conclusion of the test with a reason.

Let s =x+y be the sum of the number of goals scored by Rodrigo and Thiago in each
year. Let s(n) be the cubic regression equation used to model the relationship between

nand s.

(2) (1) Write down the equation of s(n), giving the coefficients correct to 6

significant figures if necessary.

(2) Is it true that s(n) = x(n)+ y(n) ? Explain your answer.
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Part III Solution

(e)

)

(2

(M

2

3)

“)

)

(M

2

3)

“4)

)

(M

2

Let u,,d = x—y be the mean of the differences of the numbers of goals

scored by Rodrigo and Thiago.
Hy: n,=0

H:pu,>0

p-value =0.1534961923
p-value =0.153

1.10

The null hypothesis is not rejected.
As p-value >0.05.

The numbers of goals scored by the two players follow a bivariate normal
distribution.

H,: p=0
H: p>0

p-value =0.0918559883
p-value =0.0919

The null hypothesis is rejected.
As p-value<0.1.

s(n) =—0.5429292929,° +5.597402597 n*
—9.883477633n+25.57142857
s(n) =—0.5429291° +5.59740n> —9.88348n+25.5714

x(n)+ y(n) = (~1.3095238 11> +12.28571429n — 2.642857143)
+(=0.46212121211° +5.8160173161> —18.00757576n + 24.21428571)

x(n)+ y(n) =-0.4621212121n" +4.5064935061°

—5.72186147n+21.57142857
Thus, s(n)=x(n)+ y(n) is not true.
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Nina and Olga are two authors selling the books they individually published. The

numbers of books sold by them in each year are investigated.

Part I - Models for the Population 1

The following table shows the number of books x, sold by Nina each year, where n is

the number of years after 2000:

n 1 2 3 4 5 7 9
X 400 380 365 350 348 357 311

(a)  The relationship between the variables is modelled by the regression equation
x(n)=an’ +bn* +cn+d.

(1) Write down the values of a, b, ¢ and d .

(2) Hence, estimate the number of books sold by Nina in 2006, giving the
answer correct to the nearest integer.

3) Comment the validity of this estimation.

(b) Nina claims that the population mean x of the number of books sold by her from

2003 to 2012 is less than 370. A one sample -test is conducted at a 5%
significance level to test Nina’s claim.

20

(1) Write down the exact value of the sample mean of the number of books
sold from 2003 to 2012.

(2) Write down the null hypothesis of the test.
3) Write down the alternative hypothesis of the test.

(4)  Find the p -value.

%) State the conclusion of the test with a reason.
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Part II - Models for the Population 2

The following table shows the number of books y, sold by Olga each year, where n is
the number of years after 2000:

n 1 2 3 4 5 7 9
y 390 386 381 375 368 349 330

(c) The relationship between the variables is modelled by the regression equation
y(n)=a-b".

(1) Write down the equation of the least square regression curve, giving the
coefficients correct to 5 significant figures if necessary.

2) Write down the coefficient of determination.

3) Hence, interpret the coefficient of determination.

Olga would like to conduct a x> goodness of fit test at a 2.5% significance level to

determine if the actual number of books sold by her can be modelled by the following

distribution:
" 1 2 3 4 5 7 9
Expected | 100 | 200 | 380 | 380 | 360 | 340 | 320
frequency

(d) )] Write down the degree of freedom of the test.

(2)  Find the value of y’, , the test statistic.

calc >
The critical value is given by 14.449.

3) State the conclusion of the test with a reason.
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Part III - Combining the Two Populations

An investor is going to investigate the data of the numbers of books sold by Nina and
Olga, summarized as follows:

n 1 2 3 4 5 7 9
X 400 380 365 350 348 357 311
y 390 386 381 375 368 349 330

The investor would like to perform a suitable statistical test at a 10% significance level to
determine whether on average Olga can sell more books than Nina each year.

(e) (D) Write down the null hypothesis of the test.
(2) Write down the alternative hypothesis of the test.

3) Find the p -value.

4) State the conclusion of the test with a reason.

The product moment correlation coefficient of the numbers of books sold by the two
authors is p . The investor would also like to perform a hypothesis test at a 5%

significance level to test whether there is any correlation between the two variables.

63) (1) State an assumption for testing p .

20

(2) Write down the null hypothesis of the test.

3) Write down the alternative hypothesis of the test.
4) Find the p -value.

%) State the conclusion of the test with a reason.

Let d = y—x. The following table shows the distribution of d :

1 2 3 4 5 7 9
400 380 365 350 348 357 311
390 386 381 375 368 349 330
-10 6 16 25 20 -8 19

U=

(2) (1) Construct a 90% confidence interval for the population mean of d .

2) Is the above result consistent with the conclusion of the hypothesis test in
(e)? Explain your answer.
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Exercise 81

1.

This question aims at investigate the relationship between the second-order differential
equation and the eigenvalues of the corresponding coupled system of first-order
differential equations.

dv =4v+12y
Consider the coupled system

dy

2y

dx

2

(a) Show that the coupled system can be expressed as jx—); - 4% -12y=0.
[2]
(b) The coupled system can be expressed by a matrix equation Y= MY , where M is
dv

a 2x2 matrix, and Y = and Y:(V

j are two 2x1 matrices.
y

dr
b
dx
(1) Write down M.

Let 4, and A, be the eigenvalues of M, where 4, < 4,.
2) Find the characteristic polynomial of M.

(3)  Hence, write down the values of 4, and 4, .

Let v, and v, be the eigenvectors of M corresponding to 4, and A,

respectively.

(4)  Writedown v, and v,.

®)) Hence, write down the general solution for .

2
(6) By considering the expressions of % and jx—); , show that the general

2
solution for y satisfies the differential equation jx_); - 4% -12y=0.

[12]
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(©)

(d)

(1) Suggest a relationship between the distinct real eigenvalues of M and the
2
coefficients of & and y in d—J;— d—y—12y =0.
dx dx

2) Hence, write down the corresponding second-order differential equation
for a general coupled system Y = NY, where N is a 2x2 matrix,
dv
. dx v . : L
Y= a Y= , and the characteristic polynomial of N is given by
ay y
dx
A% +bA+c =0 with distinct real roots.

[4]

Using the above results, for the second-order differential equation

2
4y 1

0 %+27y=0 for which %:15 and y =3 when x=0, find

(1) the general solution ;

2) the particular solution.

20
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2. This question aims at investigate an urban planning problem involving Voronoi diagrams
and graph theory.

There are four housing estates P, Q, R and S in a town. The diagram below shows the

Voronoi diagram of the four housing estates, where 1 unit represents 100 m. The points

A(S, %lj and B(5, 7) are the intersections of the boundaries of Voronoi cells. BC and

AD intersect the line x=10 at C and D respectively.

10
C
X ~
Q
8
B
6
X
P>< R
4
/A\
2/ | _ D
S
> X
0 2 4 6 8 10

The town can be modelled by the region in the coordinate plane where 0<x <10 and
0<y<10.

In order to minimize the noise pollution level due to traffic, the urban planner of the town
decides to build highways at the location which are as far as possible from the housing
estates, covering all edges of the Voronoi diagram and the external boundaries of the
town.
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(a) (1) Write down the gradient of QR .

2) Hence, write down the gradient of the perpendicular bisector of QR .

3) Find the equation of the perpendicular bisector of QR .

4) Find the coordinates of C.

(5) Hence, find the length of the highway connecting B and C.
[9]
It is given that the length of the highway connecting A and D is 527 m, correct to the
nearest metre.

(b) (1) Write down the length of the highway connecting B and A .

2) Using the results from (a)(5) and (b)(1), find the total length of the
highway in the town.
[4]
In order to reduce the travelling time of the public transport, the urban planner is going to
introduce the use of roundabouts to replace the use of traffic lights. The roundabouts are
at all junctions A, B, C, D, G and H where more than one highway intersect, and the
four vertices E, F, I and J, as shown in the following graph:

I J
C
20
B
H
A
G D
F E
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(c) Write down the number of vertices of
(D) odd degree;

(2) even degree.

2]
(d) Is Eulerian circuit exists in the above graph? Explain your answer.

2]
Due to the difference between the populations of the four housing estates, the travelling
time along the highway may not be proportional to the length of the highway. The
following table shows the average times, in seconds, need for a bus to travel along each
highway:

Highway AB |AD |AG |BC |BH |CD | (]
Timeneeded | 30 | 40 | 60 | 35 | 30 | 45 | 10
Highway DE | EF | FG |GH | HI | 1J
Timeneeded | 25 | 65 | 25 | 50 | 20 | 55

Kruskal’s algorithm is used to find the minimum spanning tree for this graph.
(e) (1) State the highway with the shortest time needed to travel along.
(2) By using the algorithm, find the minimum spanning tree.

3) Write down the corresponding total time of the minimum spanning tree.

[5]
63) Use the Chinese postman algorithm to find a possible route of minimum time
needed for a bus to travel along all highways, starting and finishing at E .
[4]
By adding three highways in the town, an Eulerian circuit will exist.
(2) Suggest one possible combination of three highways to be added in the town.
[3]
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Chapter 1

1.1

1.2

1.3

14

2.1

2.2

2.3

24

()
(b)

()
(b)

()
(b)

()
(b)

(a)
(b)
(©
(a)
(b)
(©
(a)
(b)

(©)

()
(b)

(©)

AL
f)= 3
i 20
) 159
=3
f )= 5
(@) =7
(i) 4
12

i 96
@ 10
5

a

{y:y <10}
7

) =J10-x -7

f(x)=(x—4) +24
4

) =Jx—24+4
h=13
-13

Tey= |2
[l =71

(1, 0)

1
F )= x +4+3

(b)

3.2 (a)
(b)

33 (a)
(b)
34 (a)
(b)
(©)

41 (a)
(b)
(©
42 (a)
(b)
(©
43 (a)
(b)
(c)
44 (a)
(b)
(©

51  (a)
(b)
(c)

(@)
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g(x)= (x—3)2 +1

H  p=-2

(ii) qg=—06
g(x)=(x +8)2 -6
() p=0

(i) q =206
g(x)=—x"+1
r=3

g(x)=5x" +20x+30
(-2,10)

() p=3

i) ¢g=-12

[(=2)=-3
(fef)5)=2
Refer to solution
@=0
(fef)N4)=2

Refer to solution
2<x<3

(f e =3
Refer to solution
—4<x<3

(f e f)3)=4

Refer to solution

C=12.5s
$325
=$393

C=0.4s3
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52 (a)
(b)
(c)
(d)
53 (a)
(b)
(c)
54 (a)
(b)
(c)
Chapter 2
6.1 (a)
(b)
6.2 (a)
(b)
6.3 (a)
(b)
6.4 (a)
(b)
7.1 (a)
(b)
()

p_ 180
A
$2.4
The price of a tetrahedron
model of a large surface
area will approach $0.
-1
w =181
441 g

Translate to the left by 3 units,
followed by a vertical stretch

of scale factor 2
6
f(x)=—
X

x=0
24
(x=3)

g(x)=

| |
log—+log—=-3
855 %40

Ine’* —Inee =6
log0.8+10g1250=3

4
lni/g—lne3 =-1
10g112+10g§—10g7 =2
x=9

1
In—+In45—-In15=0

x=11

/T (x)=10%
{y:y>0}
(f "o g)(~10) =1000000

72 (@  f'(x)=025Inx
(b) {x:x>0}
© (gofNH16)=1
73 (@ f'(x)=e
b))  {y:y>05
© (fg)2)=0

7.4 (a) f(x)= élogx

b)) {y:yeRj
©  (gof)x)=9x"+6x+1

Exercise 8

8.1 (a) (i) 2 million
(ii) 5.85 million
(b) {B:2<B<12}
82 (a) 3g
(b) 30th July

() W=27
83 (@ C=5
(b) =246

(c) P =600000
84 (a) $879000
(b) t=159
() The value of the vase will
approach $5000000 after a
long period of time.

91 (@ InT=(nk)x+Ink
b (@  /h=0.1827
(i) k=1.0618
92 (@) InW=klnx+Inh
b))  k=-5
(¢ h=4.4817
93 () b=18
(b) V :e3x+18
(c) 448
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94 () () a=-04
i) b=2
b) N=&t"

10.1 (a) 2500
(b) 5290
(c) 15.5 years
(d) 1470
(e) 12
10.2 (a) 420
(b) 971
(¢) 4.15 years
(d) 0.111
(e) 44
10.3 (a) 1050
(b) 37300
(c) 6.21 weeks
(d) 1.19
(e) 10

104 (a) 146
(b) 5.78 minutes

© @ 35
(i) 0.130
@ 32
Chapter 3
1.1 (@) r=06
(b) S, =—2240
(© S, =-2250
1
n2 @ r=

3
(b) U, = Elnx

() S, =9%lnx

11.3

11.4

()
(b)
(©)
(@)
(b)

(c)

12.1 (a) r= % leads to a finite sum as
-1< 1 <l1.
(b) S, =40
122 (a) r= —% leads to a finite sum
as —1< 1 <.
3
(b) S, =120
123 (a) S, =log, x
63
b S =—
(b) "~ 16
124 (a) m=-29
T4
Chapter 4

13.1

13.2
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(@)

(b)

(@)
(b)

tanfd = —i
12

cosé’:é
6

sin@ =-0.553
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13.3

13.4

(a)

(b)
(a)

(b)

G 064
(i)  sin0=-06
tan@=0.75
_ 9
® 40

9
ii sinf = —
(i) 41

4
cos6?=——0

41

14.1

14.2

14.3

14.4

()
(b)
()
(b)
(a)

(b)
(a)

(b)

x=0, x=6.28 or x=12.6
4

x=0.524 or x=2.62

1

x=3.14, x=6.28 or
x=942

7

x=0.262, x=0.785 or
x=1.31

4

15.1

15.2

15.3

()

(b)
(c)

(a)

(b)
(c)
(@
(b)
(c)

h(x)=3cos(lx+§j—5
2 4

Ar
{y:-8<y<-2}

h(x)= 4sin(4x+%j—3
2
4

h(x)=6sinlx+3—7
32

154 (a) h(x)=-12cos Tx—1
b)) 12
(c) {y:-13<y<11}

Chapter 5

161 (a) 462cm

(b) 110 cm
(c) 742 cm®
16.2 (a) 44.2 cm
(b) 68.2 cm
(¢)  265cm’

16.3 (a) OC=25.0cm
® @) 4.35 rad
@)  1360cm’
164 (a) ©=0.96rad
b @) 5.32 rad
(i) 53.9cm’

Exercise 17

171 (a) 43.38 cm
(b) AB=33.6cm

(c) 77.0 cm
172 (@ 1.36cm’
() 126cm’

(©) 0.102 cm’
173 (a) AOB=1.86rad

(b)  226cm’
(¢) 109cm’
174 (a) AOB=1.76rad
(b) 422cm
(c) 146 cm
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Exercise 18

181 (a) ABC=65.8 or 114’
(b) ACB=458

182 (a) BAC=624" orll18
() AB=225o0rll.l
(¢ 114

183 (a) ABC=42.6 or 137
®b) 696

184 (a) BAC=64.0"or 116°
®d (G  AB<20

i)  80.1
Chapter 6

19.1 (a)

(b)

(©)

19.2 (a)
(b)
19.3 (a)
(b)
(©
19.4 (a)
(b)
(c)

1 3 4.
-=—+—1i
3—41 25 25
, 7 24
=——+—1
625 625

7
625

z=1-2i

-2

z=3+4

z' =—527-336i

—527

z=-323-36i

(i’z)* =-103033—23256i
23256

20.1 (a)

(b)
(©)

z=>-2§

1
—0.927 rad

www.seprodstore.com

20.2

20.3

20.4

(@)

(b)
(©

()

(b)

(©)

(@)
(b)

(©)

476480,
169 169

4

—2.35rad

@) 23:_2_%1
125 125
« 352 936

ii )y + ===

(i) ) 125 125

936

125

zrad

2

|21=2

a=3

2
arg(z,’) = —Tﬂ rad

21.1

21.2

21.3

21.4

(@)

(b)
(c)
(@)

(b)
()
(b)

(©
(@)

(b)
(©)

(i) 5

(i) -12

13

338

(@) 2+101

(i) —8+(10—10V3)i
173

Refer to solution

3
arg(w) = Tﬂ rad

36
Refer to solution

arg(w) = %T rad

202.5
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221

22.2

223

224

(a)

(b)

()

(b)
()

(b)

()

(b)

(i) N Y i
%
z 7
(i) L =33
Z
3

(>i) 2z, = 2\/§CiS%

(i)  zz, =238

. . T
@) z]2 =4cis P
g 2

.5
(i) z’z, =12cis 1—”

Sr.

ii 22z, =12¢12

] 1 . 27

i —cis—

® 81 3

. 1

ii -

(i) 162

. zZ, .

i — =9cis—

@ 214 4

(i) 2 =9¢
Z

23.1

(a)

(b)
(c)

The range of f(x) is
{y:y<-25}, means the
graph of f(x) does not have
any x -intercept.

x=2+51

10

SE Production Limited

23.2

233

234

(@)

(b)
(©)
(@

(b)
(©
(@)

(b)
(©)

The graph of f(x) opens
upward and the vertex is
above the x -axis, means the
graph of f(x) does not have

any x -intercept.

x=-5+8i
16

>) 8
(ii) 185

f(x)=a(x* —8x+185)
a=1
() -1
.. 17
(ii) .

el
f(x)—a(x +x+ 4]

a=—4

24.1

24.2

()

(b)
(©)
()
(e)

®

(@
(@)

(b)

(©)
(d)

(e)

®
(@

i 2
(i) 3
T
—S
3

W= 2efo.n + 3@0‘25

@) z=2cis(-0.1)

(i) w=3cis0.25

(i) L=493

(i) a=0.110

S, +S, =4.93sin(6¢+0.110)
—4.93 mm

)] 5
(ii) 7
2s

z4+w=5e"" +7¢"

(@) z =5cis(—0.9)

(i) w="7cis(-1.3)

(i) L=1138

(ii) a=-1.13

W, +W, =11.8cos(rt —1.13)
1.86



243 (@ () 10 m
V4

(ii) g S 1 ;
(b) Zz—w=10&""5 g0 0 5 E
(©) @) z=10cis0.15 7 1
()  w=8cis0.05 261 (a) AT'=|-1 3 3
@ @G L=217 5 5 7
(i) «=0.523
() S, =2.17cos(10t—0.523) .
® 9.56 E g g
244 (@) (@G 7
@ 1s b B= -% _g _?
(b) z-w=63"" =7 9 —9 _o4
(c) (i) z=06.3cis(—0.5)
(i)  w=7cis(-0.95) 1
@ @G L=3.04 5 75 s
(i) a=1.07 ; . 3 3
(€ ¥, =3.04sin(2zt~1.07) 262 @  A=-o T S
@ 0.5<¢r<0.557 or 3 4 1
128<¢<1.5 5 5 5
33 13 8
Chapter 7 5 5 s
34 14 9
2 7 28
251 (a) 15 5 55
(b)  detB=2x"—4x S 2
© x=0 2 2
252 (@ 3 63 (@ A'=| L o -1
()  detB=1+x’ 2 2
() x=lorx=4 o ;B
353 (a)  detA =4 —3¢' 4 4
(b) x=0 L
254 (a) detA=(Inx) +6 1413 ; 17‘;
(b) x=e or x=¢ (b) C= 4 2 4
15 9 25
4 2 4
325

www.seprodstore.com
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2 53
2 2
264 (a) A'= 303 0
2 2
-1 2 0
(b)

-956 4131 -6559.5
C=| -92 403 -624.5
71 =303 492

Exercise 27

6 8 29
13 39 39
271 (a) A= S22
13 39 39
1 1 2
13 13 13
170
39
133
(b) X= 0
5
13
14 5 10
37 37 37
p2 @ a2
37 37 37
13 2 4
37 37 37
(b) x=-320, y=-648,
z=-276
273 (a) sa=2
-6
(b) X=| 15
-12

326

SE Production Limited

27.4

()

(b)

p=8,g=-"24
1
16
15
64
9
64

28.1

28.2

28.3

284

(@)
(b)
(©)
(@)
(b)

(©)

(b)
(©)
(@)

(b)
(©)

6 0
ST =
o

Horizontal stretch with scale
factor 6
(18,-5)

-1 0
ST =
0 1
Reflection about the line

x=0
(=2,1)

) ) T
Rotation clockwise of g

radians about the origin
(5.46,1.46)

12

Rotation anticlockwise of

2 . ..
Y radians about the origin

(4,0)
3



29.1

29.2

()
(b)

(©)
(d)
(e)

®

Ai’l

()
(b)

(©
(d)
(e)

()

29.3

A* -1
A=-1,1=1

)0
v, = , V, =

1 1
a=1

-3 -1
® 1o
D" 0

(ii) ( 0 J
3yl 33
5(—1) 5 2( 1) 5
1o, 113
—5(—1) +s 2( 1 +
det(A—AI) =A% —124+35
A=5,4=1

o) {0
v, = , V, =

1 1
o=—

. 1 2
()] { 1

.. "0
(ii) ( 0 7/}}

|

555184873 —545419248
272709624 —262943999

www.seprodstore.com

(@)

(b)

(©)

(d)

(e)

U

(ii)

3506 6
SUREED)

lim f(n) =0

327

slamsuy



Your Practice Set — Applications and Interpretation for IBDP Mathematics

30.2 (a) >i) Refer to solution
(ii)  Refer to solution

(i) 36a+6b+c=-356

30.1 (a) @) Refer to solution 100a+10b+c =—516
(ii) 400a + 20b +c 4 2 1
=-900 b) G A=|36 6 1
25a+5b+c 100 10 1
=-1125
2500 50 1 i 228
®b) @G  A=| 400 20 1 @  B=| =356
25 5 1 —16
3600 3i2 —% 3%
i) B=| -900
(iii) s 1
(i 5503
11 1 8 4 8
1350 450 675 (© a=-1,b=-24 and
Aol oL 14 c=-176
54 90 135 (d) ) x=-12, x=-8,
2 3 A x=—4
27 9 27 (i) y=-384
(¢©0 a=3,b=-60 and ¢c=-900 10
d @ x=-100r x=30 303 (@ (@ M2=£10 1]
i)  —1200
(.-) M3 1 0
11 =
15 1
1 0
eee M50:
(i) 250 1]
o so= 0
1 S =
15 2
(i) 3) >0
11 S =
30 3
(iii)  s(50) 00
111 S =
6375 50
© pe0=| O
C =
P 6375 1

328

SE Production Limited



) , (1 8]
304 (@ () A’ =

0 1 32.2
(i) A3:(1 12]
0 1
Gl A30:£1 120}
0 1
b ) BZ:(I 21}
0 4
(i) B3:(1 49]
0 8 32.3

1 7516192761
(iii)
0 1073741824

(c) Refer to solution

Chapter 8

311 k=-14or k=3

1
312 k#0and kiz

313 (a) s=-—
b (3.2
314 (@) s=-
b) k=11
1 2
321 (a) r=|-3|+t|7
5 4
2
(b)) (@ B=|-5 33.1
-5

www.seprodstore.com

(@)

(b)

(b)

(@)

(b)

(©)

()

(b)

-3
i) AB= {12}
-2
1 -3
(i) r= {4}{12}
7 -2

f =100
3
10
v=| -5
-15
3 10
r=-2|+s| =5
-1 -15
1
@) B=|3
2
2
(ii) C=|-2
-3
-5
ABxAC=| 7
-8
4 -5
r=|-2 |+t 7
-2 -8

329
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332 (a)

(b)
333 (a)

(b)

334 (a)

(b)

1
3a—-2b=| 8
19

5.90

4.46

(i) OA|=7

(i) AOB=50.5
9.09

@) OA|=13

(i) OAB=45.7

34.1 (a)
(b)
(©
(d)
(e)

M
342 (a)

(b)

(©)

(d)
(e)
()

330

(o)
r= +t
0 2
(15,10)
(i (-13,-4)
()  (—45,-20)
(=25,0)

e
r= +t

0 -1

253

35s

34.3

34.4

SE Production Limited

(@)

(b)

(©)

(@)
(e)
®

()

(b)

(c)

(d)

(e)
U

400
~70 |kmh™
—4

406 kmh™'

~800) (400
r=| 160 |+t -70
8 —4

11:00
(20,0, 0)
10:24

T
|
B

4.47
3.20 seconds after the start of
the game



35.1

35.2

35.3

(a)

(b)

(©)

(d)

(e)

(a)

(b)
(©)

(d)
(e)

(b)
(©)

(d)

i t=-2
i) (3,52)

(i) CA=12i+6j+4k

(i) €B =-3i+2j—6k
(iii) 42.7

3 —44
r=|5|+ul 60

2 42

E
11

d=

@) 70i—100j—%k

(i) 1980

Refer to solution

0 =30

@i CA=2i

(i) CB=i+3]
(iii) ACB=60"

1.73

(i) h=10

(ii) 17.3

(@) Refer to solution
(ii) (4,6,4)

a=3

(i) OR=3i+4j+3k
@i (-10,2)

(i) PQ=-5i—6j—2k
() —30i—36j—12k

(i) PR=-i-2j-k

(iv) PS=—-14i—28j—14k

v) 223

(©  (0,5,0) and (0,-5,0)

354 (a) ()
(ii)
(iii)
b O
(i)
(iii)
(iv)
Chapter 9
361 (a) 3
(b) M=
() 6
362 (@ 5
b) M=
(© 236
363 (@) ()
(ii)
b) M=
(o 4

www.seprodstore.com

BA =-3k, BC=-3i

3

3

-3
r=|0|+¢| -3
-3
=3i—-3tj+(B -3k

Refer to solution

n, =-9i+9j
n, =-9j+9k
60°

e

(S =
—_

—_ O O O O

Y < S

—_ = N

S O = O =

[ s T T G

_ o = O

S = O O O

O = =N O = =

oS O O = O

oS = O O O

331
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364 (a)

(b)

(c)

Exercise 37

371 (a)
(b)
(©)
372 (a)
(b)
(©)
(d)

373 (a)

(b)
(©)
(d)

374 (a)

(b)
(©)

(d)

332

(H 1

) 2
010001
001100
0001 O0PO0

M=
001 01FPO0
1 000 0O
000 O0T1TPO

2

BC, DE

BC, DE, AB and BD

58

CD, EG

44

CD, EG, AB, AF, CE and AC
210

01 0 0 01

1 01 0 1 1

01 01 10
M=

0 01 01 O

01 1 1 01

1 1.0 01 O
AB

AB, EF, DE, CD and BE
105

01 1 00

1 01 01
M=/11 01 0

0 01 01

01 010
AE
AE, CD, FG, AB, DE, EF
and EH
335

SE Production Limited

38.1

38.2

38.3

38.4

(@)
(b)
(©)
(@)
(b)
(©)

(@)

(b)
(©)

()

(b)
(©)

(d)

AB

AE, DE, BD and CD

88

37

BE, CE, AB, AF, FG and CD
193

39.1

(@)
(b)

(©

(@)
(e)

)

01 00 11
1 01 010
M = 01 0110
001 010
1 111 01
1 00010
EF, CE, CD, AF and AB
139
01 0 01
1 01 11
M=0 1 01 0
01 1 01
1 1010
DE
HI, FI, DF, BD, FG, AH, EF
and BC
600
Refer to solution
@ 5
i) 2
01 1011
1 01 01 0
M- 1 1.0 1 10
001 010
1 111 01
1 00010
33

EF, FA, AB, BC, CD, DE,
EA, AC, CE, EB and BE
355



39.2

39.3

39.4

(a)

(b)
(©
(d)
()

()
(a)

(b)

(c)
(d)

()

(b)

(c)
(d)

@i 6

(i) 2

(i) S

AE

AE, AF, GF, AC, BC and AD
296

FG, GA, AB, BC, CD, DA,
AE, EF, FA, AC, CA and AF
638

i 3
) 4
(i) 3

(iv) 15 minutes

CD, DE, EF, FA, AB, BC,

CA, AG, GD, DE, EG, GB

and BC

183 minutes

@ B

(ii) CD, DE, EF, FA, AB,
BC, CA, AG, GD, DE,

EG and GB
(iii) 178 minutes
o 5
(i) 2
(iii) 7

(iv) 170 seconds

DE, EF, FG, GH, HA, AB,

BC, CD, DB, BI, ID, DF, FI,

IH and HF

1330 seconds

(@) DE, EF, FG, GH, HA,
AB, BC, CD, DB, BI,
ID, DF, FI, IH, HF
and FD

(i) 1445 seconds

www.seprodstore.com

40.1

40.2

40.3

40.4

(@)

(b)
(©)

(d)

(e)
)
(@)

(b)

©
(d
(e
®
(®
(a)

(b)

(©)
(d)
(e)
(@)

(b)
(©)

(d)
(e)
®

Hn 4
(i) A,D
BD

Eulerian trail exists as there
are only two vertices of odd

degrees.
@) 70
i) 90
290

226

Eulerian trail does not exist
as there are more than two
vertices of odd degrees.

011 011

1 01 010

1 101 10
M=

001 011

1 111 01

1 001 10
12
CD, AB, AE, AC and EF
205
290
255
(i) 4
(i) 2
CD, DE, EF, FA, AF, FA,
AB, BC, CD and DC
159
78
78
Eulerian circuit does not exist
as not all vertices are of even
degree.
AG
AG, AE, AB, AD, CD and
EF
490
792
621

333
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Chapter 10

Exercise 41

41.1 (a)
(b)
412 (a)
(b)
413 (a)
(b)
414 (a)
(b)

f'(x)=3(cos x — xsin x)

G 141
(i) —0.0707
fl(x)==3e"
i 222
(i)  0.450

f'(x) =—2xsin(x”)
a=1.25
g'(x)=2xInx+x

a=1

42.1 (a)

(b)

422 (a)

(b)

423 (a)

(b)
(©)

424 (a)
(b)

(©)

f'(x)=3cos3x

(i -3
(ii) y=-3x+37
fw=>
X
(i 3
. 1
(ii) 3
(i) y=—dxis
33
fl(x)=3e™"
3€3k
k=1
N
S(x) =%
1
4
In \/5 +8

43.1

43.2

43.3

434

(@)
(b)
(©)

(@)
(b)
(©

(b)
(©)
(@)
(b)
(©)

£'(x)=9+6x-3x"
x=—-1lorx=3

@  f(x)=6-6x

(ii) -1
(iii) 4
1,

f'(x)= —xe 2
x=0
(@) Refer to solution
(ii) 1

, 4—4x
SO=Gy
x=1
@) Refer to solution
(i) 1

f'(x)= 2cos(2x—§j
x=-0.262 or x=1.31

V4
i —4sin| 2x ——
(i) s1n( X 3}

44.1

44.2

44.3

SE Production Limited

(@)
(b)

(©)
(@)

(b)

(c)
(@)

(b)
(©)

(i) —0.262
(i) -4
n(0)=300
. dn :
@) - 84"
(ii) 451 per month
9
V(®)=6cm’
v Lo !
dt \100-7
@) 0.75cm’s™
6
993
d_p =500cos(2¢t+3.9)
dr
13



44.4

()
(b)
(©)

1059
dw

— =-72.5sin(0.5¢ - 5.

de
218

45.1

45.2

45.3

454

(a)
(b)

(a)
(b)

()

(b)

()
(b)

5.01cm

@) 2tcost—t*sint
(i) 1.08 s

(iii) —3.39cms™
5.65cm

(i) 1.57s

(ii) 4cost—4tsint
(iii) —8.00cms™
v(t) =1+¢€' cos(e')

(i) 2.39s

() 117cms™
6.28s

(i) 8.64 s

(i) e'(sint +cost)
(iii) —7990 cms™

Exercise 46

46.1

()

(b)

(©)

@) T—6
(ii) P=16sin0

(@) dar =16cosé
déo

(i) 0=1.57 rad

(iii) O=1.57rad

@iv) 16
0=0,0=r

462 (a) (i) CD=10siné,
2) OD=10cos8
(ii) 400sin @ cos &
(iii) 1007z —400sin&cosb
b) (@) 400(sin® 6 —cos’ 6)
(ii) 0 =0.785 rad
(iii) ©=0.785rad
(iv) 114
T
¢ 60=0,0= 5
46.3 (a) t=0o0rt=6
) @) O'(t)=3t>—24t+36
(ii) t=2ort=6
(i) =2
(iv) 32
© @ -20
() t=0,r=6
464 (a) =12
®) @) P(t)=-3t"+18t-24
(ii) t=2ort=4
(i) =2
@v) 700
© @ 704
i) 720
d 3
Chapter 11

47.1

47.2

www.seprodstore.com

(@)
(b)

(©)

(@)
(b)
(c)

f(x)= jcos3 2xsin 2xdx
f(x)=—écos42x+C

1 .. 25
X)=——cos 2x+—
S(x) 2 g

f(x)= j 2xsin(x?)dx
f(x)=—cos(x*)+C
S(x) =—cos(x)

335
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473 (a)
(b)

(©)

474 (a)
(b)

Exercise 48

48.1 (a)
(b)
482 (a)
(b)
483 (a)
(b)
(©)
484 (a)
(b)
(©

f(x)= j 3x%(x" +1)°dx

f(x)z%(x3 +1)+C
f()c):%(x3 +1) +2

f(x)=e" +C
f(x)zex4 -1

Refer to solution

4.88m

Refer to solution

2.27ms™
v(t)=In(¢® +1)+C
v(t) =In(t* +1)

Refer to solution

s(t) =sin(*)+C
s(t) =sin(t*)+1

Refer to solution

Exercise 49

49.1 (a)
(b)
49.2  (a)
(b)
493 (a)
(b)
49.4 (a)
(b)

0.5and 1.5
0.637

1

0.368

—0.637 and 0.637

0.814
4,7 and 10
40.5

50.1 (a)
(b)
50.2 (a)
(b)

0.648
2.66
9.55
544

50.3

50.4

(@)
(b)
(©)
(@)

(b)
(c)

x=-3,x=3
) 4x*
A
50.3
1

x=3—5y

8
54.5

51.1

51.2

51.3

51.4

()

(b)
(©)
(@)

(b)
(©)
()

(b)
(c)
(@)

(b)
(c)
(d)

@ 0
) e +2
3

81200

(@) 1
)  2¢°
x=7.39
284

(i) 1
()  y=-0.950
0

3.55

() 1
@ 19
x=2y-2
3

168

52.1

SE Production Limited

(@)

(b)

. , 1
() f(a)= 2
(ii) a=4

9
(iii) =3
(iv) y=—4x+18
35

6



52.2

52.3

52.4

53.1

53.2

(a)

(b)

()
(b)

(©)
()

(b)

(c)

()
(b)
(©)
(d)
(e)

()

()
(b)
(©)
(d)
(e)

] a
) =
(i) a=2
(iii) y=4x—4
2
3
Finy=——
N
(i) h=9
1 3
=—X+—
(ii) y 5 X >
(iii) b=-9
9
f'(h)= 3h?
1
. et
)] 5
@i -
4 19
(i) y 3 X 24
19
. p=_12
(iv) %
0.0215
64 ms™
t=7
84.2 m
a(t)=-3(t— 4)2
4<t<8

s(t)=—i(t—4)4+92

—%t“ +4£ —12¢* + 16t

6.57195m
9.43m

a(t)=—6t" +24t-24
0<r<2

53.3 (a) >i) Refer to solution
(i) s(t)=sinzt+1
7
b t=—
(b) 5
© @ a(t)=—r"sinnt
(ii) I<t<2or3<t<4
d 5
53.4 (a) ' —11£ +44¢ —76t+48
1 11, 44,
-t + 1t
b 5 4 3
~38¢° +48¢
(c) O<r<2 or 2.61<¢<3.64
@d @ 3
(i) 2
Chapter 12

54.1

54.2

54.3

54.4

www.seprodstore.com

(@)

(b)
(©)

()

(b)

(©)
(@)

(b)
(©

(@)

(b)

(©)

Ildx = Jlﬁz sin zztdt
X

Inx=-—mcoszt+C

— 7T COS Tt

xX=e
I I
f;dyzjzxwdx

1ny=%ln(2x+3)+C

%In(2x+3)+1n4

y=e
l P=2x+C
3}/

y=R6x+3

y=5

5 =e"+C
2y

1

\2e* +12

1
6

y:

337
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551 (a)
(b)

(©)

(d)

552 (a)
(b)

(©)

(d)

553 (a)
(b)
(©)
(d)

554 (a)
(b)
(©)
(d)

detM—AI)=1" —81-9
A=-1,4,=9

>
I
AN
ml
7 N\
—
[y
N—
+
o]
Q
2
— N W

det(M—AI) = A> —31—28
A=—d, A =T

@) x= —%Ae‘” +3Be”

(i) y=4de™ +Be"
detM—AI) =A% —21+10
1+3i, 1-3i

X=¢'(4e*v, +Bev,)
The phase portrait is an
unstable spiral.

detM—AI) =A% +101+29
—5+2i, -5-2i
X=e"(Ae"v, +Be™"v,)
The phase portrait is a stable
spiral.

56.1 (a)
(b)
56.2 (a)
(b)
338

¥, =10.6

(@) », =11.12639
i y, =117

v, =3.8

(i) », =7.084281
(i)  »,=13.050070
i) y,=239

563 (a) y,=2.75
() () y,=3.428
(i) v, =4.0734
(i)  y, =4.70
564 (a) y,=42
®b) () y,=6.248
(i)  y,=9.8166
(i) v, =16.1646
(iv) =277

571 (a) @) x, =6.05
(ii) y, =3.05
(b) @) x, =7.48
(ii) v, =4.55
572 (a) @) x, =1.11
(ii) v, =1.01
(b) @) x,=1.12
(ii) v, =1.02
(i) x;=1.13
(iv) v, =1.03
i—L; —8u —15x
57.3 (a) &
i u
(b) @) u, =0.2
(ii) x,=0.1
(c) x,=0.12
((11—1: =12u—36x
574 (a) d
dr
(b) (i) u =1.2
(ii) x, =2.15
(c) x, =221

SE Production Limited



Exercise 58

58.1

58.2

58.3

58.4

()
(b)

(a)
(b)

(a)
(b)

()
(b)

(0,0), (6,1.5)

PR Ca
dx (3-2y)x

(ii) Y =25

(iii)  The population of

shark is decreasing at

the beginning.
(0,0), (8,0.4)
. d x—8
@ Y. (x=8)y
dx (2-5y)x
(i) bl _3
dx|_, 13

(i) 0<y<04

The population of crocodile

is increasing at the beginning.

i 600
(i) 550
10
x> —

3
@ 210
i) 270

59.1

()
(b)
(©)

(d)
(e)

()]
(@

(0,0
det(M—AI)=A" +81+12
A==6, 4 =-2

1 5
w0
(i) x=—e%+10e™
(i) y=—e"+2¢"
(1.35,0.268)

Refer to solution

www.seprodstore.com

59.2

59.3

(@)
(b)
(c)

(@)

U

(@

()

(b)

(©)

(d)
(e)

®
@

(h)

y>3
detM—-AD)=A*—-1-12
A=-3,1,=4

o

) x="7e™
(ii) y — e—3t +e4t
The population of horse will

approach 0.

Refer to solution
dv

—=3v+4x
dt

dx
—_— =Yy
dr
@) v =13
() x=0.1
@ 023m
@) 0403m
detM—AI)=A" -31-4

A=-1, 4 =4

()l

@) x=-02e" +0.2¢"
Gi) 0516m
0.113 m
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@=9x 60.3 (a) A :—%, A =1
504 (2 9
& & v.— 0.519
dr * 71 0.481
b (G v =225 90
(i) x =1 © - 173
¢ () 1.56m 83
(i) 2.69m 173
(iii) 4.69m 1
d  det(M—Al)=A2>—9 604 @ Ah=-i A=l
e A=-3,4=3 ) v13:(0.568J
-3 3 0.432
0 2ol
® O x=0.5¢"" +0.5¢" © V= 37
(ii) 10.1m E
(h)  53.4% 37
Chapter 13 m
03 0.75
60.1 (a) A*—0.751—0.25 ()  A*—1.451+0.45
R o
®  A=-7. A=] ©  A=g A=l
6 . 1
_ 25 (d) V]:( ]7"2: 6
(© V= 19 -1 5
25 L1
602 (a) A*-1.351+035 © @O 4 6
(b) 4:1,/12:1 5
20 9 n
3 (i) (%J 0
© vel 0 1
3 ®

340
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61.2

(a)

(b)
(c)

(d)

(e)

®

10

19
_10

(@

0.6 0.36
T=
04 0.64
A —1.241+0.24
6
=, 1 =1
h=ae s

6 n
(ii) (z_sj 0

6Y) 9 9(6Y 9
25} 19 19(25] 19

6}"10 9(6)"10
25 19 19\ 25 19

0.526

www.seprodstore.com

61.3

0.82 0.13
@ T=
0.18 0.87

(b) ﬂFQ, 4 =1

100
. 1
(C) vV, = _1’v2:§
13
1 1
@ @ O 18
13
69\
.. — 0
(ii) (100}
0 1

(e)
18[69}" 13 13(69)" 13
311100 ) 31 311100 ) 31

I8(69) 18 13( 69 ) 18
31100 31 310100 31

50({%%) +260
® )
—so(fiij +360
100
@ @ 260
() 360

341

slamsuy



342

Your Practice Set — Applications and Interpretation for IBDP Mathematics

(0.9 o.o7j
614 () T=
0.1 0.93
83
(b) ﬂq—@,ﬂz—l
| 1
(© v =[_1]a v, _[E}
7
11
@ @ O 10
7
83 )’
(i) (ﬁ) 0
0 1
(e
10(83)" 7 7(83)" 7
17L100) 17 170100 ) 17
10(83)” 10 7(83}" 10
17\100) 17 17(100) 17
16(83Y 7
E(ﬁj 17
(9] )
16(83) 10
R [ — +_
85(100) 17
(g) 0.988
) 7
(h) (@ 7
. 10
(ii) ﬁ
Chapter 14

62.1

62.2

(@ P(X<2)=0.493

®) P(Y=10)=0.125

(© PI<6|Y<9)=0.193
@@ P(X>10)=0.731

®) P <33)=0217

(© P =43|Y>40)=0.111

623 (1) P(X>2)=08I5
(b) P(Y<28)=0.923
(©  P(X<4) =0.206
624 (1) P(X>7)=0.401
()  P(X,<2)=0.744

() P(X=5P(Y=5)=0.0205

631 (a) b=4
b () P(X=2)=0.147
i) 4
632 (@) c=9
®b) ()  P(X<4)=0.0550
(i) 3
633 () A=15
(b) P >3)=0.170
634 (a) A=0.0100

(b) P(¥>2)=0.120

Chapter 15

Exercise 64

641 (a) E(1-10X)=-214

(b) Var(5+2X)=12

(c) E(5+4X+3Y)=151
642 (a) E(X)=8

(b) Var(X)=1

(c) E(-X-Y)=-28
643 (a) E@100—X)=105

(b)  Var(99-5X)=400

(c) Var(6X -5Y)=776
644 (a) E(X)=-3

()  Var(X)=3

(c) Var(10Y -3X) =477

SE Production Limited



65.1

65.2

65.3

65.4

()
(b)

(©)
(a)

(b)
(©)
()
(b)
(a)
(b)

@) 640 g

(i) 256 g

(i) 760 g

(ii) 204 ¢g

P(Y <795)=0.957
(i) 1068 cm
(ii) 54 cm

P(1070 < X <1090) =0.391
P(Y >330) =0.995

P(X +Y >1000) =0.0805
P(X-Y >0)=0.920

0.367

0.0368

Exercise 66

66.1

66.2

66.3

66.4

(a)
(b)
(©
(a)
(b)
(©
(a)
(b)
(©
(a)
(b)
(©

E(X+Y)=9
P5<X+Y<8)=0.208
Var(X —4Y)=61.5
EW+X+Y)=34
PW+X+Y >30)=0.776
Var(3W -2X -Y)=184
39.5

0.0627

6.10x10°®
375
0.0205

8.67x107°

Exercise 67

67.1

67.2

(a)
(b)
(©
(a)
(b)
(©)
(d)

E(X)=3.7
E(5X+2Y)=38.5
Var(5X +2Y) =140.75
E(X)=65
Var(X)=22.75
EQX-7Y)=-80
Var(2X -7Y) =434

www.seprodstore.com

673 (a) E(X)=045
(b)  Var(X)=0.4365
(¢ E(-X-1)=075
(d  Var(-X-Y)=12365
674 (a) () %
(i) P(X=0)= %
(i) EX)=6
1
®d E@)= 3
Chapter 16

Exercise 68

68.1

68.2

68.3

68.4

(@
(b)

(©)
(@)

(b)
(c)

(b)

(©)
(@)
(b)

300
= |
Var(X)=—
(0 40

P(X <299.85)=0.171
)
1
2
P(X|<1.5)=0.159
5
. 4
Var(X) = 75
P(X+Y >0.1)=0.324
n=108
P(O< X -Y <21)=0.958

69.1

69.2

69.3

(@)
(b)
(@)
(b)
(@
(b)

s, ,=5.09
59
s;=1.2
195

s, =235
-228

343

slamsuy



344

Your Practice Set — Applications and Interpretation for IBDP Mathematics

694 (2 () 166

(i) 3.3

() n=110
Chapter 17

Exercise 70

70.1 (a)
(b)
(c)
70.2 (a)
(b)
70.3 (a)
(b)

(©
704 (a)

(b)
(©)

401g

s _,=103¢g
(308.33,493.67)
54s

(43.442, 64.558)
n=25

(19.013, 20.987)

1.974

n=16
(68.685,71.315)
2.63

Exercise 71

711 (a)

(b)
712 (a)

(b)
713 (a)

(b)
(©
714  (a)

(b)
(©)

20.65
o=2.64
3.18

s, =0.448

A confidence interval with a
smaller confidence level has
a narrower interval about the
mean.

(36.4,38.6)
s, =2.06

n—1
A confidence interval with a
smaller confidence level has
a narrower interval about the
mean.

(191.6,204.4)
o=745

SE Production Limited

Chapter 18

72.1

72.2

72.3

72.4

(@)

(b)

(@)

(b)

(@)

(b)

()

(b)

(1
(ii)
(1
(ii)
(iii)

(1
(i)
(1
(ii)
(iii)

)

(i)

(ii)
(iii)

(i)

()
(ii)
(iii)

a=6226, b=2677
30700 km

r=0.865

R*=0.748

74.8% of the
variability of the data
is explained by the
regression model.
a=-0.132, b=8.09
479¢

r=-—0.773
R*=0.597

59.7% of the
variability of the data

is explained by the
regression model.
a=0.533, b=13.9

a represents the
increase in
expenditure

when the time spent
in a market increases
by 1 minute.
r=0.479

R*=0.229

22.9% of the
variability of the data
is explained by the
regression model.
a=0.11, b=-0.26
b represents the
annual corn yield rate
when the annual
rainfall is 0 cm.
r=0.957

R*=0917

91.7% of the
variability of the data
is explained by the
regression model.



Exercise 73

73.1

73.2

73.3

73.4

()

(b)
(c)

()

(b)
(c)

(a)

(b)
(©)
()

(b)
(©)

(i) 1050 USD

(ii) 810USD

(iii) 450 USD

SS... =33900

87.2% of the variability of
the data is explained by
the regression model.

@) 74.6625 marks

(ii) 78.9625 marks

(iii)  74.0625 marks
SS.,, =131

63.2% of the variability of

the data is explained by
the regression model.

(i) 9231
(i) 7200
(iii) 11264
SS.,, = 60000
Model 1

(>i) 212
(i) 192
(iii) 155
SS.,, =2080
Model 2

Exercise 74

74.1

(a)

(b)

y=0.00867x
@) ~3.92x% +590x
—29500
(ii) 59.9kg

@) R* =0.967

(i)  96.7% of the
variability of the data
is explained by the
regression model.

www.seprodstore.com

74.2 (a) )] y=23.8x"""
(i) 247 ¢
) (@) R*=0.360
(ii) 36.0% of the
variability of the data
is explained by the
regression model.
743 (a) @) y=0.25x" +2.25x—1
i) R*=0.967
(b) SS, =1
(c) SsS,,, =30.0
744 (a) @) y=237-136"
(i) R’ =0.99957
(b) SS.,, =0.0136
(c) SS,, =31.6
Chapter 19

75.1

75.2

()

(b)
(©
(@)
(e)

(@)

(b)

(©)
()

H,: The data follows a
Poisson distribution with
mean 2.

17.1

4

55.1

The null hypothesis is
rejected as y>, >7.779.

H: The data follows a

Binomial distribution with
parameters B(5, 0.6).

i) 1.024

i 4

24.8

The null hypothesis is

rejected as y>, >9.488.
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75.3

75.4

()

(b)

(©)
(d)

()

(b)
(©
(d)
(e

H,: The data follows a
Normal distribution with
parameters N(13,4).

(i) 4.01

(i) 2

p-value = 0.407

The null hypothesis is not

rejected as p-value > 0.05.

H,: The data follows a

Normal distribution with
parameters N(3.4,0.15).

18.2
3
p-value =0.0000376

The null hypothesis is

rejected as p-value < 0.01.

Exercise 76

76.1

76.2

76.3

76.4

()

(b)
(©)

(a)

(b)
(©)

()

(b)

(c)

()

(b)

(©)

@) H,: u=17
(ii) H: u#17
p-value =0.0456
The null hypothesis is

rejected as p-value <0.05.

@) H,: n=28

(i) H: u<28
p-value =0.412

The null hypothesis is not
rejected as p-value >0.1.
(i) H,: u=17

(ii) H: u>7

(i) 7.1875

(i) z=0433

The null hypothesis is not
rejected as z <1.645.

i) H,: ©=100

(i) H : u#100

@) 106
(ii) z=5.55
The null hypothesis is

rejected as |z| >2.326.

SE Production Limited

77.1

77.2

77.3

77.4

(@)
(b)
(©)
(@)

(@)
(b)
(©)
(@)

()

(b)
(©)

C)
()

(b)
(©)

)

H,: pu, <0
p-value =0.0122
-2.99

The null hypothesis is not
rejected as p-value > 0.01.

H:p,>0
p-value =0.133
1.21

The null hypothesis is not
rejected as p-value >0.05.
() Hy: ;=0

(i) H: u, <0
p-value =0.222

The null hypothesis is not
rejected as p-value > 0.1.
4

9

@ Hy: p,=0
(ii) H:u,>0
p-value =0.0198

The null hypothesis is
rejected as p-value < 0.05.

2

3

Exercise 78

78.1

78.2

(@)

(b)
(©)

(@)

(b)
(©)

() H,: p=0.15
(i) H;: p<0.15
0.00426

The null hypothesis is
rejected as p-value <0.01.

()  H,: A=10
) H:A>10
0.208

The null hypothesis is not
rejected as p-value >0.05.



783  (a)

(b)

784 (a)

(b)

G) H,: p=0.03
(i) H,;: p>0.03
0]
(i)
)]
(iii)
1))
(i)

0 A=25
P A>25

Exercise 79

79.1 (a)

(b)
(©
(d)
()
®

792 (a)

(b)
(©
(d)
(e
®

793  (a)
(b)
(©

(d)
(e)

®

() H,: A=9
i) H:A>9
0.0739

0.573

0<Y<4
0.0367

The null hypothesis is not
rejected as p-value >0.01.

() H, ¢=092
(i) H:qg>092
0.0827

0.810

Y>7

0.185

The null hypothesis is not
rejected as p-value > 0.05.

) H,: u=250
)  H: u>250
0.0127

0.868

Y <298 or Y =302
The null hypothesis is

rejected as the sample mean
is less than 298.

Y <299 or ¥ >301

www.seprodstore.com

79.4

()

(b)
(©)
(d)

®

@) H,: =100
() H,;: u=100
0.134

0.499

Y <24.1

(e) The null hypothesis is
rejected as the sample

mean is less than 24.1.

Y <23.7

Exercise 80

80.1

(@)

(b)
(©)

(@)

(e)
)

(i) H,: p=0

(i) H: p<0

p-value =0.00119

The null hypothesis is

rejected as p-value <0.1.

(>i) a=-424,b=99.2

(ii) b represents the
expected quiz score of
a student who didn’t
revise.

69.5 marks

(@) r=-0.960

(i) R*=0.921

(iii)  92.1% of the
variability of the data

is explained by the
regression model.
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80.2 (a)

(b)
(©)

(d)

(e)
()

80.3 (a)

(b)
(©)

(d)

(e)

)]
(@

348

@) H,: p=0 804 (a)
(ii) H:p#0

p-value =0.0164 (b)
The null hypothesis is (c)
rejected as p-value <0.05.

(@) a=0937, b=-5.07 (d)

(i) a represents the
average increase in
the number of
webpages visited
when the time (e)
for accessing the
internet is increased

(i) H,: p=0

(ii) H: p<0

p-value =0.181

The null hypothesis is not

rejected as p-value >0.1.

This suggestion is not a valid

approach as from the result of

the hypothesis test, the two

variables are weakly

correlated.

i) R =0.278

(i) 27.8% ofthe
variability of the data

by 1 minute. is explained by the
16 regression model.
@) »=0.893 ® SS . =131.6875
(i) R =0.798 ® S5,=314
(iii)  79.8% of the

variability of the data Cha pter 20

is explained by the
regression model.
@) H,: p=0
(ii) H: p>0
p-value=0.519

I ()

The null hypothesis is not
rejected as p-value > 0.05.
This suggestion is not a valid
approach as from the result of
the hypothesis test, the two (b)
variables are weakly
correlated.
(@) R* =0.000861
(i)  0.861% of the
variability of the data

is explained by the
regression model.

SS ,, =18822 I (c)

res

SS, =195000

SE Production Limited

4] a=-0.748, b=11.5,
c=-57.9, d =451

?2) 354

3) This estimation is
valid as this is an
interpolation.

4] 346.2

?2) Hy: u=370

3 H,: u<370

“) p-value =0.0313

&) The null hypothesis is

rejected as
p-value < 0.05.

§)) 403.91-0.97911"

?2) R*=0.971

A3 97.1% of the
variability of the data
is explained by the
regression model.



I

(d)

(e)

)

(@

@ o

2) 1.54

A3) The null hypothesis is
not rejected as

2. <14.449

) Hy: p, =0

2 H:p>0

(&) p-value =0.0584

“ The null hypothesis is
rejected as
p-value <0.1.

1) The numbers of books
sold by the two
authors follow a

bivariate normal
distribution.

2) Hy: p=0

A3) H:p#0

“) p-value=0.0111

Q) The null hypothesis is

rejected as
p-value <0.05.

1) (=0.592,20.0)

2) The above result is
not consistent with
the conclusion of the
hypothesis test in ()
as 0 is included in the
confidence interval.

Exercise 81

81.1

()
(b)

Refer to solution

1 M = 4 12
@ =1 0
) A —41-12
3) 11:_2’/12:6

o ool
1 1

o) y=Ae™ + Be™
(6) Refer to solution

www.seprodstore.com

81.2

(©

(@)

(@)

(b)
(c)

(@)

(e)

®

(@

1 The eigenvalues of
M are the solutions
of 1 —44-12=0,
where —4 and —12

are the coefficients of
dy .

— and y in

dx Yy

&y _
2

dy
= _12y=0.
o 2

d’y dy
(2) @'ﬁ'ba"‘cy = 0
1) y=Ae* +Be’”

?2) y= 2 + "

@ 2
1
(2) 5
1 9
(3) y= E X+ E
19
4 (10, ?j
G)  559m
) 333m
2) 6450m
@ o
2 4

Eulerian circuit does not exist

as not all vertices are of even

degree.

1) CcJ

(2) CJ,HI DE, FG, AB,
BH, BC, AD and GH

3) 265 s

EF, FG, GH, HB, BC, CB,

BA, AD, DA, AG, GH, HI, IJ,

JC, CD and DE

AD, BC, GH
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